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2
2
1 (a) Without the use of a calculator, solve the inequality 3362—+2x—_1—1 =1 [3]
x°—-2x+1
2 J— —_—
(b) Hence solve the inequality 1 —2x=2 £-1. [2]

X -2x+1
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3

Do not use a calculator in answering this question.

2
T .. n
(cos ——1isin m)
.. 12
2 The complex number z is given by z =

T - . T
COs—+1sm-—
6 6

{(a) Find z in the form re'’ where »>0 and -1 <8 <m. [2]

(b) Show that (1+z)’ = pi, where p is a real constant to be determined. Hence or otherwise, find
(1+z) +(1+z*)’. Show your working clearly. [3]
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4
2
3 Itis given that xd—J;- +d_y = Inx where x>0, and & =1 at x =1. Use the substitution z = xd—y
& dr  x dx dx
d 1(lnx) 1 :
to show that — = R +~. Hence find the exact equation of the tangent to the curve y =1{(x)
X x
at (e, 2). (71
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14 +3x

ALY 4
V9—8x—x? “l

4 (a) Find

(b) Find J:sze’“ dx i terms of &, where £ is a positive constant. Explain whether there exist
6

solutions for £ satisfying the equation I: 3x%e™ dx=— FE [4]
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5 The function f is defined by

2
X

f.x— ,xeR, 4<x<8.

x—4

(a) Find f'(x) and write down the domain of f -1 On the same axes, sketch the graphs of
y=1(x) and y=f"(x). (4]
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{(b) The region R is bounded by the curve y=f"(x), the lines y=5, y=8 and the y-axis.
Find the exact area of R. 3]
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cy=-x+3

(a) The diagram shows the curve y =h(x). The curve has maximum points at (—6, 4) and the
origin, and crosses the x-axis at (=5, 0). The lines y = 0, x = —4 and y = —x + 3 are the
horizontal, vertical and oblique asymptotes to the curve respectively.

(i) On the diagram given above, sketch the graph of (x+6)2 +( y—!t'))2 =+, where r is a
positive constant. State the range of values of  for the equation {x+ 6)2 +(h(x) —9]2 =7

to have at least one real root. [3]

(ii) On a separate diagram, sketch the graph of y = h(l ) . [3]
x
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9

(b) The graph of y=10—fx+1| undergoes a sequence of transformations which transform its

equation into y =|x 1. Describe and write down the transformations. [3]
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7 The points 4, B and C represent the complex numbers a, band ¢ respectively, such that =0, =3
and ¢ =—2 +i. The three complex numbers are roots to the equation f{z) = 0 where f{z) is a quartic
polynomial with real coefficients and z is a complex variable.

(a) Express f(z) as a product of two quadratic factors with real coefficients. [3]

(b) Sketch an Argand diagram showing the roots of the equation f{z)=0. [2]
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() The point # represents the complex number w, such that ¢ =iw. Find the value of ACsAW
and the area of the triangle APW where P represents the complex number ¢ — . [4]
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8  The line /, passes through the point 4 (1, 2, 4) and point B (=1, —1, 3). The line /; has equation

3 6
r=|-5|+t| -7 |, teki.
2 2

(a) Explain why /, and /> are skew lines. 2]

(b} Find an equation of the plane, in scalar product form, that includes the midpoint of AB and the
line /> [3]
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The plane n; has equation 2x+7y+5z=24. The point C lies on / such that the foot of
perpendicular of C onto =, has coordinates (3, 1, 1).

(c) Find the coordinates of C. [3}

The plane n, has equation 3x—4y+ Az = yand line /, does not intersect .

(d) Find the value of A. Hence find the acute angle between the planes n, and T,. [3]
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8 |Continued]

(¢) If the distance between =, and J, is 2 units, find the exact values of 4. [3]
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BAKED
BEANS h om

A food company produces cans of baked beans. Each can is in the form of a closed right cylinder
with a base radius of x cm and a height of # cm (see diagram) and its capacity is ¥ cm?, where Vis
a fixed constant. The cans are made of steel metal sheets with negligible thickness. The cost to
make the curved surface of the can is 1 cent per cm® and the cost to make the top and bottom
surfaces is k cents per cm”. Let C cents be the production cost of a can, For economic reasons, the
value of C'is minimised by varying the value of x.

(a) Express 4 in terms of «, x and V. [1]

[6]

(b) Using differentiation, show that C is a minimum when % =%

DHS 2024 Year 6 H2 Mathematics Preliminary Examination Paper 1 [Turn over




BP~134

16

9  [Continued]

(¢} (i) By using the relation in part (a), show that, as / varies with time ¢, % = ﬂ-z—h[%] [2]
x
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(ii) Due to inflation, £ increases at a constant rate of 0.1 units per month. Use the relation in
part (b) or otherwise, to find the rate of change of x at the instant when k=2 and x = 1.

(3]

DHS 2024 Year 6 H2 Mathematics Preliminary Examination Paper 1 [Turn over




BP~136
18

10 (a) A curve is defined by the parametric equations
) 4
x=2t —f, y=;-3-—t, where ¢t >1.

Find the area bounded by the curve, the x-axis and the lines x = 3 and x = 6. Leave your answer
correct to 3 decimal places. [3]
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(b) A chef plans to create an ornament for his master dish. The omament is made by rotating the
shaded region as shown in the diagram completely about the y-axis. The region is bounded by

the parabola y =(x—3)2 , the curve C and the lines y=9+dand y=d, where 0 <d <9.
The curve C is the reflection of the parabola along the line y = 9.

¥ A

o X
(i) Find the equation of the curve C. [2]
(ii) Find the volume of the orament in terms of 4. [5]
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10 [Continued]

(i) By varying the value of d, find the maximum volume for the ornament correct to the
nearest integer. State the value of 4 corresponding to this maximum volume. [2]
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11 Taylor decides to manage her caffeine consumption by following a regime. Before starting the
regime, there is no caffeine in her body. On the first day, she drinks two cups of coffee at 9 am and
only one cup of coffee at 9 am on each subsequent day. Each cup of coffee contains 100 mg of
caffeine. The caffeine level in her body decreases by 80% in 24 hours. You may assume that the
time taken for her to drink coffee is negligible.

(a) Find the amount of caffeine in her body after consuming a cup of coffee at 9 am on the
second day. 2]

(b) Find the amount of caffeine in her body afler consuming a cup of coffee at 9 am on the #th day.

[4]
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11  [Continued]

(¢) On which day at 9 am after consuming the coffee, will the amount of caffeine in her body to
first go below 125.1 mg? [2]

Taylor’s friend, Travis, follows her regime. Due to different body conditions, the caffeine level in
his body decreases by g% in 24 hours.

(d) If the caffeine level in his body exceeds 400 mg at any time, it will be harmful to his body.
Explain why this situation will never happen when 25 < g <50. [4]
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Section A: Pure Mathematics {40 marks]
1 ltisgiventhat f(r)=r".
(a) Using the method of differences, find ) (f(r + 1) ~ f(r)), leaving your answer in terms of n,

o "

H

é(n+i}(2n+§).
(4]

(b) By cvaluating f{(r+1)~f(r) and using the result in part (a), show 3+ =

raf
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o

1 is given that v = (%), where »' i 8= 3ay

Find the Maclaurin sexies for £} up to and meluding the tenein P

Hence write down the eguation of the nonmal at the point on the curve of y=1{x) at x=0.  [1]
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3 (a) ) Weite dowy the derivative of tan 7 3,

(i) Hence use a switable standard series from the List of Formulae (MF26) to find the
Maclaurin expansion of tan” x in asconding powers of x, up to and incheding the tom
Write down, in terms of #, the coefficient of +™in the expansion of tan ™ & i3
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5

‘[--!]ga!ag"“

, N 1 2 s e .
The complex number zaspivenby z =e¢ 21 for some real constant a.

5 5

5
. . a’ il
(b) Find the argument of z,2,z,. leaving your answer in the form k( 4= ~(’J where &, band ¢

are constants to be determined. 2]

{
-,
) Deduce limarg(zz,...2,) whenf;f(@{ O Jfﬁ 1]
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i)
4 The function T s defined by Fas for 15 5 <8,
Flal=q5 0 fwRsxs 3.
2
{a) Sketchthe grevh ol g f x} . N

(b) Solve the equation [{x}=1"{x). (2}
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(¢} Show that the composite funciion £ exists and find its range. [2]
[ §
(d) Given that the composite function {* exist for n2 3, find the range of *, £% and hence find
therange of as n = . (3
I
;
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et e loss of mass. s kaown that ope

P chemicals Yand ¥resct 1o form o chenicel £ u-—'nila;i;tgi;:}f’ é‘i:?zgxgm pie, L5 8 of X combines
- A . o g - AN PN k; 5

part of Xeombines with two parts of ¥ to gave three parts af 2 ¢ inutes afler the rezclion started
with 3.0 gol Vo give 4.5 g of 7. Let o g be the mass of 7 formed £ e :

i : s of the remaining masses of
The rate of change of 7 with respect ta £, is proportional to e product ¢ o

. ; ) v isgof Yand Ogol Z
Aand Yool rescted at any tme 2. Initially, there are IV 8 of A, 158

(1) Show that

ds ;
wmmé‘ 30"“2’ 45""’22 *
5 (30-2)( )

where & 15 a positive constunt, {2}

{b) It is observed that the mass of 7 s 10 g after 5 min.

Solve the differential cquation in part (a)
and find = in terms of 1.

(8]
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(¢} Stare, with justification, the mass of Z that can be formed afler » long dime. Hepce, o
otherwise, find the corresponding remuining masses of Xand ¥, 2]
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134

Seetion Br Prebability and Statisties {60 marks]

“? i -
6  Forevents 4 and A, 30is given that PLAD "“i .!."(A_gfa"} “S and P{ngf) = -'Eﬂ
5 T 6
Find
{a} P{4H 1]
{b) PlAnE), [2]
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i1

-
Yl

€y PlA A,

(i

Dietermine if events 4 and B are independent.
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7 Abakery packs i box of 10 cupeakes comprising 2 red, 3 blue and 3 groen ames. The cupeakes are
indistinguishable except for their colouy,

(a) Find the number of ways they can b given to 10 children, if cach child is given exactly ong
cupenke, i

(b} The bakery packs the 10 cupcakes in a triangular arrangement as shown below.

st row

2nd row

3rd row

4th row

Find the number of ways to arrange alf the cupcakes such that all blue cupeakes are next to
each ather in the same row, [23
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13
For another box containing 10 brown identical cupeakes, the bakery decides to spell out the wortd
DELECTABLE by using whipped cream to write one letter on cach cupeake,

(¢} Find the number of ways the cupeakes can be arranged in @ row inn which the letters are not in
alphabetical arder. For cxample : the three letters *BGZ’ is ammanged in alphabetical order while
{2}

‘GBZ s noL

(d) How many three-letter code word can be formed from the word DELECTABLE? [3]
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i4

{2} A sdent uses only the product moment correlation coeflicient to interpret the tinear
corretation for a sample drawn from a bivariate distribution. Give a reason why he should also

draw a scatter diagram o support his answer,

{1

() A study is conducted to track the population of 2 city over a peried of time, The population
size, y thousands, in x years after Year 2000, are as follows.

X

3

5

7

g

i

13

=

17

ig

¥y

323

311

358

36.1

395

417

46.4

S0.8

572

{0} Draw a scatter diagram for these values,

[t

(i} It is found that the inclusion of a 10™ point (x,, ¥i0) Will not affect the equations of the

regression line y on x and x on y. Find the point (%, ¥, ):

OHS 2024 Year 6 HZ Mathematics Preliminary Examinatian Paper 2
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15
Omit the 1% point (1, 3.} Tor the rest of this question.
(i) Without eatewlating the product moment gorrefation cocfficient, cxplain which of the

following equations, whore a and b ace positive constants, is more sppropate o mode!
the relationship between v and p

(Ayy=a+h’ Bly=a+ bx

sevray
e
A

{iv) Using the more appropriate model in part (§ii), find the cquation of the regression line
giving the values of g and b. Interpret in context, the meaning of @ 2

{v) Re-write your equation so that it can be used when the population size, y, is given in
miiitons, 1}

{vi) Find the product moment correlation coefficient for the chosen model in padt (jii). Give
two reasons why it would be reasonable to use the equation to estimate the value of
when x=6. {31
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i6

9 MrHsutakes the train to office for work every weekday and is supposed to arrive at office by 7.30
am. On average, he reaches the train station at 6.00 a.m, His arrival time at the train siation is
normally distributed with a standard doviation of 10 minutes. Every moming, there are only two
trains, cach deparling 5 minutes apart, with the first train departing at 6:10 a.m. sharp. The time
taken for the train journcy follows a normal distribution with mean 60 minutes and standard
deviation 4 minutes.

After alighting from the train, the fime laken to walk from the train station 1o his office follows a
noreal distribution with mean 10 minutes and standard deviation 3 minutes. Mr Hsu will be late
for wark if he misses the second train or arrives at office afler 7.30 aum. Assume that all travelling
and waiting times are independent of each other,

{2) Onarandomly chosen day, given that Mr Hsu takes the first train, find the probability that he
is late for work. 2}

(b) On a randomly chosen day, show that the probability that Mr Hsu is late for work is
0.101. (3]
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{c) On a randomly chosen day, Mr Hsu has a briefing to attend before work. Given that he takes
the first train, find the earliest starting time of the bricfing {correct to the nearest minutes) for
which the probability that be is late for the briefing is nol more than 0.1 {21

According to Mr Hsu's office policy, employces who are late for work will face a pay deduction of
D%, where D is calenlated as 5 times the number of days the employee is late in 2 month. Given

that there are 20 workdays in a month,

(d) find the probability that Mr Hsu reccives between 60% and 80% inclusive, of his salary in a
randomly chosen month, i3]
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16 For quality comtrol, the production mandjer of a company wishes 1o take & rndom sample of 4
certain fype of chocolate bar from his factory, He wants to check that the menn mass of TR Blrs i
S2 prans, 6 stated on the packets,

() State what it means for a sample to be randsm in this con’ 1

The misses, x grams, of 4 rundom sample of 80 chocolate bars are summarised as folews,

n=80 ¥ (re52)=-37 ¥ (x-52) =310.7

(b} Caleulate the unbiased cstimates of the population mean ané variance, {2

{c} What do you tnderstand by the term “unbiased cstimate® 7 m
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i

{d) Carry out a suitable hypothesis test, explaining the choice between a 1-tail test and a 2-1ail test.
Yeou should state vour hypetheses and define any symbols you use.
Referring 1o the p-value for your fest, explain what it indicates, {61

JTde 2 < fJaftar

(e) Explain whether there is a need fer the manager 1o knew-mything about the population
distribution ofthe masses of the cheeol . 121
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11 Wildlife biologists arc studying the bird populations in a large nature reserve. In a study of one
species of birds during breeding season, it was recorded that on average, 3 out of § chicks will

survive to leave their nests,

{a} State, in context, two assumptions required for the nwnher of chicks, which survive to leave
thetr niest (o be well-modeed by a binomial distribution. i2]

Assume now that all nests initially have 4 chicks and that the number of chicks which survive to
leave their nest has a binomial distribution,

(b) For a randomly selected nest, find the probability that exactly half the number of chicks will
survive 1o leave their nest. [1

Individual nests are grouped together to form breeding zones. Fach breeding zone comprises 15
such nests. A biologist considers a breeding zone successfu! if there are more than 10 nests where
at feast 2 chicks will survive to leave their nest. :

{c) Find the probubility that exactly two out of three randomly selected breeding zones are
successful. 3]
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Another study looks at the abusdunce of several bird specics in 2 spee e aren in the nature reseve,

For this study, the number of birds A, for a given species n the area ohserved 1w follow &

[

probability distribution with parameter &, where 0 < <1, given by P{N=r}= gwﬁﬁm} o g
ni{l-g b

where re 27, and 4 15 g constant.

You may use the following results without proof.

For Qex<i.

‘ i(:’:f;]a-xﬂgw,ﬂ

(d) Find the value of 4. 121
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11 [Continued)
(¢) If =03, find P(d < ¥ £30). [1]
() Find E(N) and Var(A) in terms of &, leaving your answers as a single fraction. (4
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2024 Year 6 H2 Math Prelim Exam P1 solution and comments

" on

Suggested Solution

Comments

1(a)

%
2x* +2x-11 1
¥ -2x+1
26 +2x-11

Gy

120

L
S

Lxs-Borxx2
Alernative

2x2+2x-—l§>i

& -2x+l
] 2x2+zx-z121

(x-1)’

2 +4x-1220
(x+6)(x~2)z0
SLxs-Horx=2

el &

2x’+2x~—ila(xmi)l ('.'x:tzlzs(xwl)z >0v¥xeR)

Note that this reagoning is

required to justify the
inequality sigx;}ming
unchang

()

24;2::-1:13 1
x=2x41
Forx=0,
Replace x with i,
X

——2—+—2—-31

1”g+i

x X

1% -2x-2

<1
©-2x+1

S Forx=0, i <-6or
x

122

X

2 *
X X > {muitiply by ;2- and ~1 on both side)

Students are reminded to make
use of previous result in (a)
when secing the word “Hence”
in question instead of using the
same method to solve the
question

BP-~167




S0 we have —%sxd}or G<x$%

| In addition, note that x = 0 also satisfies the given
inequality in (b) thus ~1<x<1

The sotution —% <x<{

or 0 < x <4 is valid only

for x# 0,

Hence students need to

sub x = 0 into inequality

110 -2(0)-2 _ R
(0 =2(0)+1 ~

<\ -2 .<; -1 (True} ,i.

Total marks: §
Qn | Sugpested Solution Comments
2(a) Useful properties
T P L3 n
(‘305[“ ‘S]*‘i sm(— — For0<@<-—,
ms_‘_‘.*_isinf. msﬁzcosf-g)
{“m) ,(f 1} ¢ sin@ = —sin{-6)
=gt f V=t (can use graph to deduce)
For power /x/ + operation of
complex numbers, it is
always more helpful to
express in exponential form
first
Note re” = rcosf+isinf) hence both
modulus of complex number in numerator
and denominator is 1 {not 2 }
{b} | Method 1 (half-power) |
Refer to Chl3B, p16 Ex6 of
é(_ 5) 3 notes on “Taking Out Half
(1+z) = [i +e~ ] | Power” technique.
. S T Again students are
= e‘[“ 3 e(i)+e(‘ E) encouraged to express
] complex numbers in
P , exponential form first before
[ (~ g]] {Zoos ( _765 D applying power operation
N , 3 Students are reminded to
se (- 3‘] 2x _é Tevise on converting
2 exponential 1o trigo to
_ . _ cartesian form of complex
=-335, where p =343 number (vice-versa)
i
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(A+z)' +(@+2'Y
:{1+z)’+[(1+z}'f
=@+2y +[a+2)]
=-3v31+(33 i]

=0

Method 2 (1+z in exponential form
(+z) = ! wi«c()s(m E).;.; sin(— f_})s
3 3

Refer to Chi3A, p8 of notes -

g\;cut:n}ugavl:es of each other

Properties of Complex
Conjugates.
Learn to observe
142z is conjugate of 1+ z
(1+2) is conjugate of [(1 +z }':r Total marks: 5
Hence (1+2)* and (1+2) are

S/




To find eqn of tangent at (e,%),

Qn | Suggested Solution Comments N
3 dy i
i Z= x*& E

. dy .
dz=x§i£+§£ n Note that x, y & z are variables, zzx&% istobe |
oo & diffs ated & substituted int

2 ifferentiated wrt x & su nto ;
Given xi-z--bgz_?—i (2) &y dy Inx dz
' A x x—5 +~==— to simplify to — =f(x}.
Substitute (1) in LHS (2) de® x dx
dz _lnx ;
A . It's useful to view |
I"“‘“—dx._—l-(]nx 2+C j- J 1nx)dx
2
()
& 1. o =[f@x(fw) dr="—L+C
x‘&; = E(inx) C 2
& _1(x) ¢
dx 2 «x x
At x= l,iy- =1,
dx
2
1= i(kﬂ) +£ To show — dy __[hxx} —, the initia]
21 I d&x 2 x x’
=C=1 conditions d—y =1 when x =1 must be used &
dy 1(nx) 1 dx
A bide? I +- (shown) workings need to be explicit.
dx 2 x X

After finding the gradient at (e, 7), the exact
equation of the tangent to the curve y=f(x) at
the same point can be found.

Total marks: 7
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14

L.

first imprdssions, this
integration fog
Thus, try i
+3x=a(-P2x-8Y+b

BP-171

‘ "
MF 26 formula once you have compieted the

square Check that coefficient of x must be 1.

3 'J_Q-S.r«xz ve

= 2gin™ (—-—--x+4)»-
3 2 ~~1-+l
2

==2sn“t(x+ ) 3N9-8x-ut +e

ks tike 2{a),
rewrite

Su e b e
Semeeted S 7 Comments
X L Y
dy £ - Loy i | Concepts: |
9-8x-nt S (s 2adformula. 1y T ok MF 26 for formulas.
N 3 (8- zx) {remember that coeflicient of
T_MW dx x must be 1),
9~8x~x? J9 8x—x* | 2. Recall the 3 formulas for
2 1 & (-8~ zx) integration and check
T Tpm—— whether it can be used,
25~ (x+4) J N namely:
JE@[i] ds

f (x)
b j f(x)

. jf x)e’ dy
3. Use by parts as last resort.

Note: substitution will be given
if qn wants you to do integration !
by substitution,

You will ikely have to do some
algebraic manipulation in order

to use the above procedure.
®) r e de o
9 . i,
- [sze‘* B j-z 6xe™ i you were {0 follow the
kof %k procedure, you will see
12 T 6xe™ : o, Ge® that you have no choice
=St - [ -I e gx but to use by parts
k kL & |, &% ’
, Choose x* bs ¥ {LIATE)
___I__%eu _..!.%c“ +-§- [ )
k k? Lk,
12 5 12, 61t )
m-;—c —F& E-z- —;—-—}- Do by garts one more time to remove the
gott (2&1 o ) p alpebra. Choose x as v {LIATE).
¢ w2k 1)~
= e Note: Bo not reverse the order for u and
Method 1 dv/dx when doing by parts twice. You will
o2 {2 i -2k ] )__ 6 6 get back the same integral as before.
]

-

6™ (2k* -2k +1)=0

Since ¢! >0, 2k -2k +1=0but there are no solutions
for & as Discriminant = 2* - 4(2)(1) <0.
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| Method 2

Since 3x%e” 2 0for 08 x52, f: 3x%e” dxdenotes the

. area bounded by the x-axis, the curve with equation
y=3x%¢",x =0 and x = 2 which is positive. Thus it can

never be equal to mwf; which is always negative for all

real positive number k i.e. there are no solutions for &.

Total mariis: 8

Qﬂ Supgested Solution
5(a) 2
x—4

3}’—4}’=x2 puse 3 x2MX)J+4y:{}
2»-‘-
Using quad formula, x=@

(or by completing the square) //’

Pick a pointfrom 4<x <8
53

58Y x =5,y =t =25,

AT

Check e 254/257 ~16(25)

2
=g§m§}~§~=5m2{3

.‘xw}’"\}y’mlﬁy

2

Comments

- 2_
Since 4 < x <8, take a point (5,25) to check = x = 2 ¥ 16y

. ~x* -16x
Flpy= ITNX 1
{x) 5

D, = R; =[16,)

2
x=4 y=x
¥ 'y % y=f( /,“
' o
@1
; 7 (16,8)

L y=1)
SR U e y=4
NS . x

2

» When it's difficult to

make x the subject, using ;5
the quadratic ;
formula/complete the
square are the preferred
methods,

+ When sketching graphs of

y=1(x} and y = {7(x),

note the following

¥ both axes of equal scale

¥ symmeirical about =z

v approach asymptotes

¥ label cud points (3,16) &
{16,8) clearly
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(b) | Method 1
Area of the region R = area of region @
--Lf(x}dxafsx“‘dx » The symmetrical
16 = £ix) property of y=f(x) and
e x+4+~;~:zdx .16 };mf“'{,x) about the line
2 2 ' y = x,can be used to find
=[—~2-+4x+15mjx~4{] 1A ;\/_/fé*” the area of R. Because of
s LIRSy the etry,
64 25 5 o M% e ar :fffma 0
= —+32+16In4 || —+20 N & .
; 2 2 Fo
i =16In4+31.5
=322 +31.5 unit?
Moethod 2 Fewe do
Arearegion R= § » Altematively, if we do it
8! [ xdy=[ "ty ) )
directly, y=f(y) =2,
vy y-4
= dy 2
fy-4 So Iixdy;:_,,: '——dey
y2 5 b y:.-d.
=[E—+4y+£6m[yw4'}: which turns out to be
; identical to Method 1.
={(§f+32+16m4]-(3-5-+20n |
2 2
=16ln4+31.5=32In2 +31.5 unit’
Total marks: 7
Qu__ | Suggested Solution Comments
6a(i) Recall: Equation of a
Once the circle touches the circle of the form
maximum point of the (x—-hY +(y=k) =¢
curve, there sfeill be at least has centre (h, k) and
one intarsection point and radi
hence the given equation Hus 7.
will have at least one real
x
y=-x+3
x=—4
Observe that the centre of the circle lies vertically above the max | In this case, the centre of
pt {~6,4) of the curve and on the oblique asymptote y = -x+3, | the circleis (~6,9)
Required range: r25
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@G0 |

4. 0}

7

E
|
|
z

Recall the key feature |
between graph and its
reciprocal:

Max pt - min pt

- VA > x-intercept

x-intercept > VA
Increasing -» decreasing
Decreasing - increasing
When h{x) is positive,
the reciprocal will still
be positive.

Mark out the above
features first and shape
of reciprocal will be out,

)

Method 1

Algebraic manipulation

Transformation

y=10-[x+]]

replace y with y+10

Translate the curve
(»=10~[x+1{} 10 units in
the negative y-direction.

y=—|x+1

replace y with —y

| Reflect the curve

(y=—{x+1]) about the x-
8XiS.

y=[x+1{

replace x with x~2

Translate the curve
(¥ ={x+1]) 2 units in the

positive x-direction.

y= |x——1!

Method 2
 Algebraic manipulation Transformation

y=10-{x+]|

replace y with -y Reflect the curve
(y=10-|x+1[} about the x-
axis.

y= -10+ix+1{

replace y with y-10

Translate the curve

(y=-10+[x+1} 10 unitsin |

the positive y-direction

y=lx+]]

For transformation
guestion, it is important to |
be clear about the i
corresponding algebraic
meanipuiation.




BP-175

replace x with x-2

OR

replace x with ~x

Translate the curve
(» ={x+1) 2 units in the
positive x-direction.

Reflect the curve { ¥ =[x +1{) ‘
about the v-axis, B

y=px-1]

Total mark;'}t

Comments

Qn | Suggested Solution

State the use of conjugate root theorem

7(a) : By conjugate root theorem, if ~2+i is aroot, ;
thent ~7 — i is also a root. clearly with clear justification for its use.
f(z)
= z{z -3z~ (-2 + DNz ~{-2-1))
=(z! = 32)((z+ 2) - i)}{{z + 2 +i)
=(2} - 32){(z+ 2 ~i¥) Take note of the question requirement to
={z ~ ? 5 leave your answer as the product of two
(2 32} +4z+9) quadratic factors with all real coefficients.
(b) | Let D represent the complex number ~2~i. | Labels for points representing complex
ma numbers should be in capital letters.
o 1 8 When labelling points representing complex
O L g v Re sumbers in cartesian form on Argand
o, L+ diagrams, the following are acceptable:
1. 40,0, B(3,0), C(-2,1), D(-2,~D)
(or equivalently marking the values
of the Re and Im parts on the axes as
shown in the diagram on the left)
2. A(0), B(3), C(-2+1), D(-2~1)
Note that you should not be finding the polar
form of the complex numbers re” for this
, part,
| 0 . .
(3] e . . . | For this question, you should use the vector
Therefore w=—=-ic. The point W is representations of the complex numbers

H

when performing the associated operations

; obtained by rotating the point representing ¢
? about the origin by 90° degrees clockwise. like dot and cross products.
g For exarnple,

< _ , N e {1
g Thcre&rim&m angle CAW is 90°. This implies | o=~ {Heo
i that ACAW =0. SEUAYS
} -2Y MY
; ! Method 1 T T
| SRHes MAC- AW ={1 ||2]=0
[ \B / \ﬂ}

9
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e {5y . N
AP={ 1 |,AW =2
0 0
Area of triangle APW
= 2P 47|
2
H

)

1 O
= (1)1 = §.5 units®

T2

EAC- AW =(-2+i)-(1+2i) = —4 +3;

Next, note that the cross product is only
defined for 3D vectors so you can think of
the vector representations as lying on the
xy—planeie z=0.

| Once the 3D vectors are defined correctly, g

you may proceed to find the area of the :
triangle. It is inefficient to use the formula E
%izﬁxm‘zglmlﬁlsin.d?ﬁ%’. ’

|
i

Method 2
Area of triangle APW ;
_ lio -5 1 81 5
a0 1 2 FTL0) » Re
= l{—m -1 i |
2 Also note that ZPAW is obtuse. You can see |
= 5.5 units® this once you draw an Argand diagram ;
marking out these three points 4, Pand . |
Do not add points P and W on your diagram |
in part {b). You may confuse the marker. |
Qn_ | Suggested Solution Comments
Ba) | (-1 1 -2 e Non-parallel lines may stifl
AB =} ~1 [~ 2} =1 -3 intersect each other. Therefore,
3 4) \-1 it is not sufficient to only prove
/1 5 that both lines are non-parailel. |
Lir= 2}+p[3 ,JeR You would also need to show ¢
L4 1 that there is no points of
73 6 intersection between both lines,
r= -5+ -7, teR
L2 J ( 2 ) * Youneced to show your working
to justify that the lines are non-
'y p p{:raﬂel and nox}-inz;erswtmg.
| Since 3} * k(—-’l] forany k€R, }and /, are not Snnzly stating ‘ncin-pafailei”
1 3 and “non-intersecting” is not
. sufficient.
parallel.
i 2 3 6
Let (2]-{“ ﬁ{3}=[w5}+t[-‘7} © Whe yga mlveﬁ
4 ! 2 2/ Od = (--S)H[-‘i} you are
23-6t=2 2 2
= {B‘g =T trying to determine whether
- point 4 lies on line . When you
. do not get a consistent value of
Solving using the GC, there is no solution found for 1, it only means that point 4
B and t. Hence f and [, do pot intersect.

10
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does ol fies on line o, It does

Since fand /, arc non-parallel and non-intersecting
lines, they are skew lines (shown).

not mear that the lines are skew.

The word “constant” means
differently from “consistent”.
When you want fo mean no

comumon values of ¢ is found,
you may say that the values are

“not consistent”’,

1-1 2-1 443

®) Midpoint of 4B = “(m,w,%}w(ﬁ,igz)
2 2 2 22

o 3 ¢ 3
-5 11 0.5 |={~5.5
21 135) (15

\
Let the normal of the required plane be n.

[ 3 6 -21.5
S ~5.5 x| -7 = ~15
15\ 2 12
—43
=] -30
24
Hence, an equation of the required plane:
~43 0 —43
re]-30|=i05]«]-30|=69
24 3.5 24

L (43
re|-30|=69

24

Use cross product of two
direction vectors of the plane to

find the normal vector of the
plane.

Leave your answer in scalar
product form, as stated in the

question.

1 s e e

(¢} | Method !
Let line m be a line that is perpendicular to &, and

passes through (3, 1, 1).

3 2
mir=1j+a| 7|, zeR
) 5

The 2 lines will intersect at C.

To help you visualise, this is
how the diagram would look
like.

H fine fy
s/ zz]

i(l+2ﬁ‘) (3-&2&'}
243 147«
4+ 5 f+3a) e

/- L

-

F{3,3,1)

ByGCa=1,f4=2
| Point C has coordinates (5, 8, 6)

|

f
|
|
'B
|

ek e comons

nem

1




Method 2
Since point C lies on /,

— {1+24
OC =| 2+ 34 | for paticular value of 1
4+ 4

Since E‘mﬁ‘ is perpendicutar to 7, , then CF is parallel to

n,-

— 2
CE=k{7
5

3

Solving using GC, k=~1, 4 =2.

i

Therefore, OC =| 2 +3{2
The coordinates of Cis (5, 8, 6).

»

2
['!] is the normal vector of the
5

plane, meaning it is not parallel
to =, . This means that

_ {2
CF { 7] =0 is not correct.
5

Leave your answer in
coordinates form, as stated in
the guestion.

!

)

4+2
Given [ does not intersect n,,
=4 Ha, =1 1o,

o
31f41=0
LA
~6+A=0
A=6
Hie
714
5/ 6
V1861
3
WSQ#m

8 =83.3" or 1.45rad

cosf =

Acute angle is required, so
remember {0 include the
modulus sign in your formula.

Indicate your units clearly.

12
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d’c 4
_-—»“_“m+4ﬂk>ﬁ ',*V,x,k}ﬂ)
¥ (

 is a minimum.

e) - 3
© Let Q[_E. 14,0,0 | be a point on .. * This is the length of projection
. 3 / ! of AQ onto the normal vector
AQ- ﬂt =2 of ,. Here’s the diagram to
{1 help your visualisation.
“gﬂ (3
2 -4 )
4 . 6 ) '
\
%
6 /1 Q Moo !.
EE:_{‘l =2 ;
J61 .
19~ =261 or 19~ p=-261 |
4 =19-261 or 19+261 f
» Note that point 4 can be on the
opposite side of the plane as
well, hence the modulus sign in
the formula,
Total marks: 14
Qn Suggested Solution Comments
9@ | V=nx'h ?
v
h=———
X ‘
®) | C=2mxhk(n0)(2) Write the quantity we want (o
minimise/maximise accurately,
= g,rx(.f_u}+ 2xik otherwise it will affect the rest of
xx’ your splution — many marks may
22 ok be lost.
x
ac o b Note that both % and x are
= 2 +47 variables - from (a) we can see
o for a fixed constant ¥, as x
For minimum, that for a > ’
§ dc varies, k also varies. Thus, we
i ——=0 cannot perform differentiation
f dx until the expression we want to
j ¥ ark=0 differentiate is solely in terms of
| x just one variable (either x or k for
| =t this question but it is easier to
; 2xk express C in terms of x for this

case). We also cannot substitute
certain values of x or & here

before differentiation with the aim
of “removing” the other variable -
this is equivalent to us treating the
variable as some constant value,

13
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i5 ':' = “”“gr_ The first and second derivative
% (“"""z") test should be shown clearly and
3 ™ accurately done, with values
i = 7 stated or explanations provided 1o
s V justify why it is positive, etc.
I
LY ( Z?rk)
A
(eX(i) Vo axih s b= 14 The chain rule should be clearly
TANA= A= ) shown. The question stated to use |
dh 2V (a) but many students used (b) '
[ —— instead and ended up with an !
’ _ dh dh dx incorrect derivative because £
Using chain rule - = — x— or differentiating w.r.t ¢ varies as ¢ varies (no longer a :
dt  dx dt constant), hence, A, x, k are all not |
directly, we obtain ¢h__dx_ Zhds (shown) constants. |
dt xx dt x dr '
(XD "z* = “"21*}; If using —:— = El}; , it will be more
| 2kx=h easily done (or rather, less
. o . de  dx) dh chances of error) if students
Differentiating w.rt 1 directly: z(x-&:_ + kv&}-‘] =5 differentiated i r:zplici tly w.rd

Atx=1,k=2, k=4 and using part (©)(),
dk _dxr) 2hdr
2l —+2— |=———

de dr x dt
dx dx

200142 — [ |=-8—
(01§ )5
12§x—-z——0.2

di
de 1
dr &0

The rate of change of xis ~ éa units per month.

Alternative

Using x* = E;::; and differentiating w.r.t ¢ directly:
.

2 dx _ _’_’.,(:“_’}i‘i
3% X ) dt

Mx=Lk=2 h=4and V=4r,
dx dxf -1

31 = | e (0.1

£y :r((?.)z}( )

The rate of change of x is »-éa units per month.

directly. Sofhe students started
getting confused because there are
3 variables A, x, X here.

Students tend to be able to handle
the altemative method better
because it only involves 2
variables since V'is z fixed
constant.

Some students started substituting
in values of either x= 1, k=2 orh
= 4 to “remove” varisbles from
the start before differentiating ~ as
mentioned in (b), this is
equivalent to us taking the
variables as some fixed constant,
We should never substitute in
values for any variable at the start
before differentiating, The values
should only be substituted in afier
the differentiation is done.

14
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Teotal marks: lf

x=3, 3=2f2—~t::-t=%
x=6, 6=2 —f=p=12

Area under the curve

fyax
: 4 _
mjggi—:«;(&mi)dt

= 3.4864
= 3.486 units’

_ Qn | Suggested Solution Comments
10 2wy el Common errors
= iy y’— i
£t include:
dy - using wrong
> =4f -1 formula
- forgetting to change

limit values {(to
{imits w.r.t. )

- not replacing drin
terms of df or doing
so incotrectly

Remember that the
GC can be used to
evaluate the integral
and to leave your
answer o 3d.p. as
specified in the
question.

Convert to Cartesian

the area - method not

form in order to find |

advised for this
question as not all
parametric equations
can be convert fo
Cartesian form
(b)) | The equation of curve Cis y=18—(x~3)*
®)GE) | y=(x-3) Quite a handful of
= students used the
* Si\/; wrong formula — take
. ) note that this is a
Reqz::red valam: below thezizne y=9, very costly error and
==, ([3+\/37] -[3-Jy] }dy you might end up
. losing almost all (if
! WEL 12\/}_’({}' not all) the marks for |
! this section. -
| =xl 2(_%)[ ym]’ | Common formula
| } 3 g errors include using:
| ngu[g';_(d)”} - 00 % orusing 2x
] - making use of
; _ areas o get
g Required volume above the liney =9, volumes of solids
| mx:“:“’ ({3 " x/ls—‘“;}z _[3 _ ‘/1‘3:}7]2 }dy of revolutions
L - nf yhdx
H

13




- 87:[2’?— (9- d)”"]

Or alternatively, for the required volume above the line y = 9,
due to symmeiry, replace d with 9-d,

volume is 8xn [2’? -(9 -a‘)m]

| Total volume is

8x| 27-(d)'" |+8a 27 (9~ d)"" |=8a[54-(0)" - (9-2)"]

Wﬁw 12«.}18-)) dy ] xjx &
' 2 P - wf(x-n) &
il 2ono e
_ n 32 correct formula used
=8| (5-d)" -(9)"] should have been of
the form

’ztj,x,z -, dy and

2
xt-x' (x5 -x)
No integration mark
was awarded if errors

{ed to a simpler
integral to solve.

Most failed to notice

| that there will be 2

“holiow” volume that
needs to be
subtracted and some
ook them as
cylinders/cones

which was incorrect.

(i)

Using symmetry, to get the max volume, 4 must be 4.5
Volume of omament

=8| 54-(4.5)" ~(9-4.5)"" ]
=877.34 = 877 units’

This part was often
done by
differentiation, which
is perfectly fine, but
would have depended
on your answer in (if)
which could have

notice that it could
have been

“observed” from the

syminetry.
Some students

| misread that 4 should

be given as an integer
~d can be any
positive real value
where 0<d <9,
while ¥ was to be left
to the nearest intezer.

given diagram using |

Total marks: 12

Y6
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(02)" <

i > wmendd,

n>5.11328
Least n=6

It will be on the 6" day.

Alternative

(02" (75)+125 <125.10
" (02)7(75)+125
5 125.12> 125.1
6 125,02 < 1251
7 125.0048 < 125.1

| From the GC, leastn=6

| It will be on the 6% day.

" Qn__| Suggested Solution Comments
| 11(a) | Let u, be the amount of caffeine in day #. e Question is asking
u, =200 for amount of
u, = 0.2(200}+100 caffeine remaining,
=140 not the amount
decreased
®) |y =200
i, = G.Z(ZQO}HOG — Do not evaluate u, en
=0.2{0.2(200)+100]+100 as we want to see the pattern ?:
=0.2’(200)+0.2(190)+180 to derive u,
u, \ =0. 27'(200)+ 0.2 {100)+ 0.2" (100} +.. +02(1m})+ioa
=0.27(200)+100(14024027 4. 4027) et
-( .2)"‘i —— There are n-1 terms for the
=0.2"1(200) + 100 ——%— -
1-0.2 sum of GP, hence {0.2)
:0.2"”(206)+xzs[1-(s.z}"“] for sum of GP formula
=0.2"'(75)+125
€ | (0.2)"(75)+125<]25.]

BP-183
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5

(@)

=200(1~)" +100{1+(1-58) +{1- ) .|

=200(1- )" +100

=200(1- %) +100

100 .
*200(1——‘%6)‘"!+%§9—[}—{1—-{%§)’M:]
_ 10000 10000, Gy |
q (20@ q J(l ) —

Asn—> o, u, -, 10000 (- 0<{1-F)<)
q

For 25 < g <350, we have 200-~1 <0and 1-:%>0
q
so u, increases to 10009 <400 (upper bound for 10000

q
when g = 25} as » increases.

' Since the maximum amount of caffeine in Travis’s body is less

than 400mg when 25 <.g < 50, Travis is ot in danger of
consuming too much caffeine

Not I_gﬁ but l-ﬁ%for

200] (Imy%)”"]éizs[lu(i--,—}é)ﬂ_i}
is incorrect as 123 15 obtaineci from

instead of

those bracketed terms

(

" Determine the
sign of

10000
200 ~ e and

g
1-% to see the

behaviour for i,

You may also

graph u, for }j
25<g<50.

| Total marks: 12

18



2024 Year 6 H2 Math Prelim Exam P2 solution and comments

Section A: Pure Mathematics [40 marks]

Qn . Sugpested Solution _ Comments
1(a) | &
S (£ +)—£()
i)
= {f "f(i)} As stated in the guestion, MOD is to be applied.
+H R I(R)
{ b\] Clear cancellation of terms must be evident to
\77!\ arrive at the final answer (in terms of n).
: FN)}
+{f(n+1)-Ttn)]
=f{n+1)-1Q)
=(n+ 1)’ -1
b) f(r+1)-f(r} =(r+1) - =3r" +3r +1

343 +1) (n+1)3 -

Z(3r+1)=(n+;)’ -

- 1M

(
(3:'2

s 3

3 )+~ (3n+5)=(n+1) -1

il
2

)+
()
{3r*) = (n+1) -1—--—(3n+5)
(o)
(37)=

w
E
P-4

[~

L

3

il

n +3n +3n-5(3n+5)

: 1]V

3 §(2u1+6n€w6-3n-5)

H

i

=§(2n2 +3n+1)

zi(n+1)(2n+1)

(n+1)(2n+1) (shown)

X(r)=%

raf

As required, f(r+1)—f(r) has to be evaluated
before applying the result in part (a).

i(l’vrz +3r+ 1) needs to be split so that the AP

r=1

formula can be applied to evaluate 2 (Br+D 1o

r=|
#
find 21’2 .
=l

As the end result Z":rz s-g(.n+1)(zn+1) is
r=l

given, clear workings must be shown; fore.g.,
the factorisation of the cubic expression.

Total marks: 6
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drY _dy

, 2 2 2
2%(%) @4};.@2 md,»;g “zd Y
deyldx dy! dx dy?

dy Y&y 2 &y
(1 2ydr)dx2 +{x-y )fd? - (2}
dy 1

When x=0, p=-2 and Z =
de - 2

2 3
From (1), 4[3)+1m_4§m§ - é.::;._-:g
4 dx dx

1y é3y d’ y_ 1
o) P — = —2
From {2}, ( 2) == =1

H ~-2—Ex+—£—x
eace ¥ 2" Vo6

Hengce, the equation of the normal to the curve at
x=0is p=-242x

Qn _; Suggested Solution Comments
2 |y +8=3xy s Differentiate using implicit
352 dy ; (x dy . y‘) differentiation, 1t is impessible to
ar g make y the subject for this
4 cquation.
O -0 L=y
4 dx ¢ Remember to apply chain rule
(2 & }d} sttty d’y _dy when differentiating v* with respect
Ya& T e dxz & tox.

e Refor to the Maclaurin's Series
expansion in the MF26 booklet, g0
that you may apply the formula
correctiy.

» From the diagram below, you can
sec that the y-intercept of the
tangent and normal remains the
same, and

' H
gradient of noreal =

gradient of tangent

4 ¥

\ 2},—"'?;9%3!

7

2 -
o

Iy \\\ta_ﬁgent

x
cunse

\\nd;f”"w‘

Total marks: 7
Quo__| Suggested Solution Co}nments .
3(a)@) | d (tan x)=(1+ xz)“ This can be found in MF26.
dx
Standard series refer to the series

(2)(iD)

(.‘z-f::c")"gl =1 +xt =,

3 x§

3 5
Since tan 0=0, C=0.
L X

tan xmx -t
3 5

X
Integrating both sides, tan™ x = C+ x———+"—~...

expansion of (1+x)",¢%,sinx, cosx
and In(l+x) ete. Tt is inefficient to use
the method of repeatad differentiation
here.

When performing integration,
remember the arbitrary constant and
sub in value to solve for it
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To deduce the coefficient of 7

' you §
may refer to part (b), 1.¢. |

e
z =g B
h)
3 ’ 4
arelz 2.2, Vi {7 e o o T2 T e e e
2(z,2,2;) 305 3 5 > {2 ~ ?Le»{,dm (_;(i{
where k:a;z b3 =5 //g,
© | limarg(z7,-..2,) =3taw{B)== / Note that e e
£ AN
= 7 tal (J’::) 7% A z)a(a 35 i ]
Total marks: 7
Qn | Suggested Solution Comments
4(a) T You can use the GC to
{30.27) sketch the piecewise
y=1f{(x function. 3
NUM CMPLX PROB FRAC
SPRE
&t FMind
7 FMa{
81 nberiv(
$: Fnlnt(
9: summstion I{
Fi: 1ooBRsE {
iecewisel
C! Humeric Solver..
Fiotl  Plotl  Fod3
(12) i Faioiises
8] >x To access the inequality
! , use 2nd + MATH
LOGIC CONDITIONS
(b) | Since the graphs of f and " intersect only at the line y=x,t0 '31 {’“’* ,”?‘; e
solve f(x)=1"(x}is to solve f (x)=x Check using OO g SXr2ieDER
f(z)=x ek using Use Drawlnv Y 1.
2x=x or -;—-l— 12=x
x=0 x=24
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) -
L xeDinD

Note that the equaggy .
—— h‘ . ‘ii
= xeD NR, ;.(;);dff (x)isﬁDnIy 5 "z
CHNeC 10T x & [ .
= xe(1,30)n[2,27] e
= xe{2,27] As fis a piecewise
Lx=24 function, £ and ff will
also be piecewise
Alternative functions. Solving
Use GC to find the intersectiog between the graph of f and the f(xy=£7 (x) directly or
line y=x. #(x) = xis a lot more
e X=24. complicated (both are not
recommended).
TS e .
) | Since R, =[2, 27 [1,3{}] =D, ? exists. Be clear on the differences
between the tests to show
. the existence of £f and
mfgm the graph in (a), R, :f2(2),3§~+12]= [4,25.5] . composite function gf,
) “tyan
! Use the idea £ exists (i.e. fis one-one) ;
| nfres’fzi?ted Use horizontal line test or
; domain i.e. n Pl show that fis increasing,
e Re—or | AT ST e R,cD,.
(@ R, = 24), %3412 ] ﬁ{" ] ?,;a Using the same method a5
~[8,24.75) Go e { o 2 s;'{bove, itis not hard to find
) o =[8,24.75),
Ry=[4+12,20 117] ST ~
=[16,24.375) PR TR e Next, to find R . for > 4
i.,é% - g’ L lb, DRI Wwe continue 10 use the
FromGC, R , -» {24} as 1 — o, o . same idea of
/ Rin o Jiv] R LR .
in the main GC window, recursively perform 0.5Ans+12. Observe that we can now
™ 24,75 24.75 focus on the 2 rule of the
gs“nsﬂzxs R b S piecewise function e,
L s 281 3878, > +12 since inputs are
(¢ Shns¥t 22 s o B0 BRETS, now greater than or equal
: hervmarase et to 8.
O Bl pa—
5 EERIRSELILE N rd e PP
amﬁmimmz O There are other methods 1
B gngaiy o S TARARIA, 24 Mmaas deduce the range of {”as
é’mﬂﬁﬁ-???!?ﬂ?i R n —» w0 but the method
e 23299999237 --24.00000018. shown here is the easjest,
Total marks: 8

T
‘\}&? ERRSNPEE £5

LA v 1
\ . jgvf «f %< /{;‘ { /3
Uy L, s il&m

7 { . I . fo i i
u{’%” h%—&{} 0 éi}“: {’f’} S}iﬁf ‘f 3 i{‘{ag {{E}J f{i; !f‘;&é‘ﬁ + }" ii{‘;?’t’ fzj%}
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= k(30-z}(45-22)
1

J (30~ z)(45 2z)

1
73

j (3& z) (45-22)

1 Injd5~22 1 In[30-]

1.5 -2 15
-}mm'——{m"z =kt+C
15 45-2z

30-2
i45~22
-z

452z

dz:jk de

c‘:zzjk de

=kt+C

- cum:sc

=3e'% ™ = ge¥ (where A =+e"C, B

When t=0,z=0: M«Ae ::»A—z

45-0 3
‘“‘ 30“2 #%em
45-2z 3
When r=5,z=10:.

30-10 _2 "

45 20 3
f=12=¢” =(1.2)"

. 30—'2 2(1‘2)921

45-2z 3
90-32=(90-4z)(1.2)"*

4z(1.2)™ -32=90(1.2)"" -90
Z[4(1.2)* ~3]=90[(12)"" 1]
90[(1.2)"" -1] 90[1~(1.2}‘“’]

[402) -3] [4-302)""] B

Zw=

« Modulus nieeds to be applied after
integration

¢ Remove modulus first before
proceeding to find the value of the
constants,

B =15k)
» It’s recommended to use the initial
condition: t =0,z =0 first to find
A, as there is only 1 unknown. If
you use ¢ = 5,z = 10 first, you will
end up with 2 unknowns: 4 & k

| Alternatively, from &” =(1.2)™

= B=15k=1n{12)"* or %m(-ﬁ-}

i.(6
k=2 or 0.
= [5)01'00365(3Sﬂ

» Make z the subject, as required by
the question

Other alternative answers include ;

go[ﬁaom; 1] 30[8?{3}—1]
[4e°°3“' 3] {4 ) }
3 -1

e

=

¢F BPA191

AN ¥ LA Ewim AR ,i.:’“ 2 §x o ér G - 4
% B §(’:‘:§ v:iw;‘:ﬁ k\u\'} g:} ';».f "3 ‘*“’ :; i
@) |x Yz X Y . Z s Even though the ratio of mass of
1 :2 3710 12 X-¥:Z = 1:2:3, it doesn’t mean
q S i e X+=3Z
== P(m )(15**32) - s As this is a “show” gn, clear
dt ’ o fo- 3 king needs to be presented to
P working needs to be pr
dz _ : be awarded full credit.
d (3(}“‘2) (45 22) Dowind BL Y W)
zi(30~—z)(45-~22) (shown) 7= - 4 Z
(b} | Method 1 (partial fractions)




BP~192



BP~193

Method 2 (complete the square)

i
2 375"

§=k{30*z)(-45~23)

dx= jk s

J (3a—z}(4s ~22)

1
jzzi—les +13sed“!k d

e

MI 27 (z-2. 25) ~ (.57

1, 1(z-26.25)-3.75]
(z-26.25)+3.75]

2 -52, 53+675dx =[k ar

dx-—:!k dz

1 z-30
— s ket 4 €
15 |z-225, " ®*C

z~30
z—225
z~30
z—225

= e}Sh-&liC‘

= 1€ ¥ = 4e® (where 4 = 2e"°C, B =1 5k)

- 0-30
" 0-225

=de’ = 4=2
3

————— gy
. =

. 18-30 4,

¢ 120" = (1.2)"
20 =y
3z-90= (42 -90) ( ‘2,)#3;;
42(1.2)" ~32=90(1.2)" -
z[ 4012 -3] =90 (12)"* -1]
90[(* 2 -1] oof1-(1.2) ]
[4(1,2)024 5] o027 ]

)

.....

Ast o, (i 2) @, "‘“’9?4{%_ 1;) 225

| Max possible mass of Z=22.5g :
Remaining mass of X= 10-22.5(}) =25 g

Reraining mass of ¥ = 15-22.5(3) =0 g

» Students can deduce the answer

from part (b) OR reason that mass
of ¥ = 15g is the limiting factor.
Hence max mass of X= 7. 5g
which gives 15+7.5 =225 of Z,

Total = 12 mafks

6
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Section B: Probability and Statistics [60 marks]

?WEQB ! Suggested Solution Comments
 §(a) P(Bl4)=2B0A) 5
| P(4) 6
E 5Y, 2
ArBy=| = 1 1-Z =0 :
i s (6)( 5] o3
i {b) Concepts:
Always facilitate yourself with a Venn
diagram for this type of question.
P(A'NBY
=1-P(AU B)
=1~{P(N) +P(4'"B))
={.1
{¢) | Method !
Use the Venndiagram and put
in the information from the
guestion to devise a strategy

A —~'8

o

Let P(4 B) bex
_P(AnBY) _P(ANB)

P(4]8)= P(B}Y  1-P(B)
2

3 357F  04-x

5 1-{x+0.5) 05-x

1.5-3x=2-5x

2x=05 = x=~'0f25

5 P(ANBY =025

BP-~195
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Method 2 (not advisable if you are weak_in n
probability) - 5

m

Since P{A[B’):iz_—, if we were to reduce i:h:\3
sample space to 8’ in the venn diagram,

the ratio in terms of 4~ B'and B'is3:5,

AT ' - B sotheratioof AnB'and A'MB'willbe3: 2

"/

We just need to find the value of m to get to the -
answer.

Total probability = 1
2rm+3m -P[-%——3m)~'l~1 =1}
5 2

1

20
PANB)=2-3m=2-2=1
5 5 20 4
Method 3 ™
; 2 ' .
P(4'|B)=1-P(4F)=7 Find P(B") from conditional
P(4nB) 2 probability and find P(B).
P(B}) 5 Use (i) answer to find
(B _P(A'”B‘]_&lmi P{A(’\B}.
(B)= 2 04 4 S
5
3
B)==
P(B)=3

P{A'nB)+P(AmB)=%

Since P(4|B)#P(A), events 4 and B arc not
independent.

Alterpative |
P(APP(B)=(0.4)(0.25+0.5) = 0.3 |

Since P{A»P(B)z (4N B),
events A4 and B are not independent, !

;

t

Total marks: 7 |




“om

| Supgested Solution

Case 1 : all different Jetters
Ways = 'C,x3!=210 (or "B or 7x6x5)

Case 2 : two letters same EE_ or LL_
1
Ways = 'C\x °C, x%: 36
*C, s either EE_or LI,
8C, 16 other letters to choose for last slotof EE_ or LL_

(@) Comments
No. of ways = ——— = 2530 » Ways to give 2R,3B,5G
213151 cupeakes to 10 children
! isike ways to arrange
2R.3B 5G in a row.
b Casel Case 2
» Cases | & 2 use the
similar idea that after
placing 3Bs in either
BIBIB row 3 or 4, the rest of
the cupcakes 2R5G can
BB B BB 7t
be arranged in —
215!
!
Case 1 : Ways to arrange all the cupcakes = E% =12} ways.
]
Case 2 : Ways to arrange all the cupeakes = E%;xz =42
Total ways =21+42=63 -
(c) _ 1o » There is only 1 way to
Ways = 2131 arrange the letters in
- alphabetical order :
302399 ABCDEEELLT
(d) | DELECTABLE = 3Fs, 2Ls, AB,C,D,T

1
%: ways to arrange EE_or LL_

Total =210+36+1=247

/ » Even though *C, =1, it'snot a correet
concept to use here as technically there is

Case 3 ; three letters same EEE only 1 way to get the EEE codeword.
Way = ! There’s nothing to choose.

s Due to the above misconception, some
students wrongly applied *C, to choose 2Es

out of 3Es in case 2. Obviously, there is still
X only I way to get 2Es.

7
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Qn_: Sugpested Solution Cammentsh t N w
8(2) | Any one possible answer Focus on wha . =
The scatter diagram helps to ' afivantages asca g
1. confirm the relationship/trend/pattern between the two variables. | diagram has over the
.2, _identify outliers or suspicious observations. value of »,
b)D
y
4 Range of the data points

37.2+ Take note of these 2 o must be indicated, The

points that are slightly out scatter diagrarr} must

of place. o show that as x increases,

o ¥ is increases at an
l \ increasing rate.
B
B
g o
323 n O
e X
3 19
(1)

From G.C : possible (x4, ,) = (%, 5) = (1,41.4)

{iif) | From the scatter diagram, it’s observed that as x increases, y
increases at an increasing rate.

Model (A} : as x increases, y increases at an increasing rate

Model (B} : as x increases, y increases at a decreasing rate

Hence (A) y=a+&x” is the more appropriate model.

(iv) | Equation of regression line for Model A’ Key concept:
y=31.276+0.068783x% =31.3+0.0688x" A regression line is a

“a” represents the estimated/predicted population of the city in the | dest fit line thus the

Year 2000, information from this

i line is an estimation.

You need to be aware

the difference between

data peints and points on

the regression line,
() | New eqn: 1000y =31.3+0.0688x>

(vi) | Prod moment correlation coeff r = 0.996 (3 sf)
Reasons
I) ror|risclosetol
2) interpolation since x = 6 is within the data range (3 < x < 19)

Total = 10 marks

10
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late for work.

L ~B(20,0.101)

Let S be the percentage of salary Mr Hsu receives in
the month

Qn_| Suggested Solution re—
9a) | Let : T .
(=) ch a;iznga?,bfg the time taken (in mins) for a randomly | We should always define our random
s n joumey and walk from train station to ! variables clearly.
oifice respectively,
- 2
X ~N(60, 4% W ~N(10, 3%) This is a conditional probability
gquestion. Keyword (Given that) is in
X+ W~ N(60 + zm’ 4+ 3% the question.
. _
X+ W~N(70, 5% We used the reduced sample idea
here, Since we know that Mr Hsu
. takes the first train (ie, 6.} Oamy) [this
Reg probability = P(X + ¥ > 80) has happened], for him to be late
= 00228 (3s.£) (arrive after 7.30am), we just need to
calculate the probability that the total
travel time must take more than 80
minutes.

() | Let 4 be the number of minutes after 6.00 am that Mr | Definition of random variable (r.v.)
Hsu takes to reach train station platform used should be properly defined. Itis
A~N(0, 16% easier to use the reference time as -

bam.
P(late for work) = P(4 > 15)+ P(4 <10)P{X + W > 80} :
+P(10 < A <I1S)PLX + W > 75) In order that Mr Hse is Iate, there arc
=0.10052 J cases.
=RV Case 1: he misses both trains, ie,
=0.101 (3 s.f} (shown) arrives after 6.15pm
Case 2: takes the first train and late
Case 3: takes the second train and late
(¢} | P(X+W >n<0l Similar to part (), this is conditional
P(X +W > 76.4078) = (.1 probability and we are using the
reduced sample idea.
Given that he takes the first train, for
him to be late for the briefing, total
0l travelling Hme must exceeds ¢ mins.
/ For area to be smaller, ‘move right’.
s
EIRLTTS
= ¢ 2764 (3s£} Stmallest integer £ value here is
77mins. Hence, 77 mins away from
The earliest starting time for briefing is 7.27 a.m. f?gf;‘g the first train at 6.10am will be
27am
(d) | Let L be the number of days, out of 20, that Mr Hsu is | For Mr Hsu to receive 60%-80% of

salary, he will have a pay reduction of
20%-40%.

This in turn imply that he will be late
for ggzdto fgws days of being

late.

i1
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P60 € § <80)

- = P(20 51 < 40)

N =;E.l37 (3sf)

= P(60 2100 -5L <30)

=P4SL<B)
=P(L<8)~P(L<Y)

The values of L that we want are
from 4 to 8. We use the binomedf ()
idea here for faster computation.

Total marks: 10 |

Mwéﬁ_g;gested Solution

Commaents

Each chocolate bar in the population has an equal chance of
being chosen and the chocolate bars are chosen independently.

Both points are to be
explained.

- —37
X =-—s452 = 5] 5375
%0 31.53

¥ 1 - ( 3?}:
$f e 310,721 123 71612372 {3sf
5 ?9[ 80 3.716 2 { )

i

(c)

An cstimate is unbiased when the expected value of the
estimator used to obtain the estimate is equal to the value of
the population parameter.

The definition needs 0 be |
understood & remembered.

(d)

Let 1 be the population mean mass in grams.
Hy:u=52
H:u#52

! A 2-tail test is used as the manager just wanted to know if the
| mean mass is 52 grams or not.

Under Hy, X~ N(SZ,-?’-';I%) approximately by Central Limit

Theorem since n = 80 is large.

From GC, p-value = 0.0319 {3s.£)

It indicates that if the level of significance is 3.19% or mare,
the null hypothesis (population mean mass is 52 grams) will be
rejected. Otherwise, the null hypothesis will not be rejected.

Alternative 1

The null hypothesis is rejected at the 5% significance level, but
not at the 1% significance level. There is therefore some, but not
very strong, evideénce to reject the null hypothesis that the mean
mass of the bars is 52 grams, as stated on the packets.

Alternative 2

The p-value indicates some evidence (though not very strong

evidence) that the population mean mass is not 52 grams; i.e., we

reject the null hypothesis if @ =5% while we do not reject the:
null hypothesis if @=3%.

divided by 80 (sample size).

A4 must be defined with the
correct hypotheses,

The choice of a 2-tail test
needs to be explained.

X follows a normal
distribution E}_f CLT, & the
variance of X must be

The p-value is NOT the level
of significance.

In this case, the p-value must
be explained in the context
of the question & used in
statistical decision-making.

Note that the conclusion will
not be valid if the p-value is
incorrect.

12
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{e) | There is no ne the ma " ;
population di‘sh?iguf;éntl;?’ g}lanager to know anyth ing about the
o 7 Tlemasses ofthe chocolste bars since | Note that ¥ followsa
X ~N(p,—y approximately by Central Limit Theorem as » = | normal distribution by CLT,
. 4 ‘ not X. |
80 is large and z-test can be used. |
Total marks: 12 |
Qn__| Suggested soln Conunents
Il(a) 1. Whether one chick survives to leave its nest is independent | »  We need the independence
of whether another chick can do so. of the event (a chick
" . surviving to leave its nest),
2. The probability of a chick being able to leave its nest is NOT the probability.
constant at 0.6.

s The conditions that there will
be a finite number of chicks
in a nest and that a chick can
either survive to leave its
nest or not are obviows in
this context. No need to
make them assumptions,

+ Answers must be worded in

e

the context of the question.
Avoid simply using words
like “trials” and “outcomes™
without qualifying what they |
_ are in context.
() | Let ¥ be the number of chicks, in 2 nest of 4, that will survive | ¢  Pls define r.v. clearly,
to independently leave its nest.
W~ B{4, 0.6) = Since the answer is exact at
P(W =2)=03456 0.3456, there is no need to
rotind off to 3.5.1
© | p(W22)=1-P(W<1) » Plsdefine r.v. clearly.

=1-0.1792
=0.8208

Let ¥ be the number of nests of 4 chicks, out of 15 nests,
where at least 2 chicks survive to independently leave its nest.
Y~B(15, 0.8208}
P(suceessful) = P(Y¥ > 10)

=1-P{¥<10)

=1-0.11497

= 0.88503

» Intermediate working to be
left to at least 2 more degrees
of accuracy compared to
final answer.

13
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3\
Required probability=(2 P(¥, >10)-B(¥, >10)-P(¥, <10)

{3‘ [p(r>10)] -P(¥; <10)

2)
3) 2
=( (0.88503) (1-0.88503)

=0270 (3 5.£)

Alernative

Let U be the number of breeding zones, out of 3, which are
considered successfirl.

U~ B(3, 0.38503)

P(U =2)=0270

(d)

Since re Z°, thismeans NV
can take values from 1
through infinity.

Key concept: total sum of
probabilities = ]

Observe that 4 is

2 _m(1-a)]=1 In(1-a)
n(l-a) independent of ». Hence, it
A=-1 be brought cut of the
summation sign.
30 - Use GC to evaluate the sum.
© From GC, P(4< N £30)= «EE—(%T)(E';—] =0.00750 °
rwd .
0 Key concepts:

E(N):Zr?(hf:r)

E(N)::;rp(ﬁw)

- 3 _._....___1_._... E'_: E Nl o 2P Ne=
‘“Z}’zn(z-a)[ r} *) ér (¥=1)
a4 e Var(¥)=E(¥)-[E(W)]
=1ﬂ 1-- Z(a )
(-a) &
GF pum o sy Observe that ————— is
. [a-m’ +a’+ ] In(1-a)
—ln(iwo:) independent of . Hence, it
-1 a be brought out of the
= o summation sign.
n(l-a) 1-a
-
(-a)ia(i-2) |

14
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Var(N)=E(¥*)-[E(N)]

*(1—af_;(l-—a)‘{(z-a)fn-al}z

- a’

“(-ay(i-2) (1-a) (-]

) (!wc:c');in(l~—az}.[1+ lh(l—a)}
o a [-In(l-—a)«m}
(1-af m(i-a)| =n(i-a)

a[ln(i-a)+a]

(o) ()]

Total marks: 13

15
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