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1 Relative to the origin O, the points 4, B, C and D have position vectors
p 1 1 0
az q ,a?)z 2 ,%: 1| and O—D>= —3 | respectively.
r 1 0 0
-1
The vectors a and O—B> are perpendicular to each other. The vector | 1 | is a
2

normal to the plane containing O, 4 and C. The point A lies on the line passing

through the point D parallel to the vector OB . Find the values of p, ¢ and . [6]
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2. The diagrams show the graphs of y = ‘f(x)‘ and y=f'(x).

1 ylr 1
i ! (5,2)
: 2 :
10 3 x
x='—3 x'=2
yll
y=1'(x) ! !
x=-3 x=2

The graph of y = ‘f (x)‘ has stationary points at (0,2) and (5,2), and the equations

of asymptotes are x =—3 and x=2. The equations of asymptotes of y=f'(x) are

x=-3and x=2.

On separate diagrams, sketch the graphs of

i) y=f(x); 3]

(i) y= L [3]
£'(x)
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3. In thisquestion, all physical quantities are of appropriate units which you need
not state.

In a science experiment, charged particles from a fixed position O are bombarded
towards a charged conductor. The electric potential energy (E) of each particle is
given by

where ¢ is the charge of the particle, Q is the charge of conductor and r is the distance
between them.

(i)  Assuming g and Q are constants, express % in terms of ¢, O, r and % [1]

It is further given that the conductor is attached to a spring that moves in an oscillating
manner such that the distance between the conductor and O is given by

r=0.8+0.6cos (%tj as shown in the diagram below.

T Spring
| oscillating
v

conductor

(i)  State the range of values of 7. [1]

At a certain instant, a particle with a constant charge of 1.5 is of distance 1.1 units
from the conductor, which has a constant charge of 4.0.

(iff)  Find the exact time of this instant, and the rate at which the electrical potential
energy of the particle is increasing at this instant. [5]

ORIVER VALLEY HIGH SCHOOL 9758/01/2018



4, Relative to the origin O, the points 4, B and C are such that O4 =a, OB =b and

—

OC =c respectively, where a, b and c are vectors which are mutually non-parallel.

The plane IT and the line / have the following equations
IT:r =Aa+ub where A,ue | and
[:r =a+ fc where fe |

respectively.

(i)  Find the point(s) of intersection between IT and / given that the points O, 4,

B and C are

(a) coplanar,

(b) not coplanar. [3]
(ii)  State the geometrical meaning of %|a>< b| ) [1]

In the rest of the question, O, 4, B and C are not coplanar.

(iif) The vector p is a unit vector in the direction of axb. State the geometrical

meaning of |C-p|. [1]
1 0 0

(iv) TItis given that O4A=|1|, OB=|1 | and OC =| 0 |. Find the volume of the
0 1 2

pyramid OABC. [3]

1

S. (i) By using the substitution x = 2sin” @, find the exact value of '[ N2x—x* dx.
0

[5]

1
(i)  Hence, find the exact value of J. X1 =) dx. [3]

0v2x—x2
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6. A curve C has parametric equations

x=1-sin2¢t, y=cost, for 0<t<2m.
(i) Find % in terms of 7. [2]

(i)  Find the stationary points of C. [2]

(ili) There are four points where the normals to C are parallel to the x-axis. Deduce
that the four points form a rectangle. State the length and breadth of the
rectangle. [5]

7. Given that y = f (x) where /1—x’ % =§ and f(0)=1.

(i)  Find the Maclaurin series for y up to and including the term in x”. [5]

(i)  The Maclaurin series for ¢” , , up to and including the term in x, is p + gx, where

y” denotes the first derivative of y. Find the exact values of p and g. [4]
\3
8. (@) Given that z' = (11+ ?1)2 , where a is a positive real number.
—i
(i)  Find a such that |z| =4, [2]

(i) Without the use of a calculator, express z in the form re”, where » and 0
are exact values, >0 and —-t<@<m. [3]

(b)  Given that f(z)=z*+22’ +(n’ +e*)z° + pz+¢g, where p=>0 and ¢ >0, and
that ir satisfies the equation f(z)=0.
(i)  Find the exact values of p and gq. [2]

(i)  Hence find the remaining roots of f(z) =0 in the form a + i, where a
and S are exact real numbers. [4]
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9. A geometric series G has common ratio » and an arithmetic series 4 has first term
a and common difference d , where a and d are non-zero. The first three terms of
G are equal to the third, fourth and sixth terms of 4 respectively. The sum of the first
four terms of 4 is —6.

(i)  Show that > —37+2 =0 and find the value of r. [2]
(i)  Deduce the values of a and d . [4]

(iii) Determine the least value of m such that the difference between the m” terms
of G and A is more than 10000. [2]

Let a, denote the n” term of 4. The sequence x, is defined as x, = (2k)* where
k is a constant.

(iv) Find the range of values of k such that the series an converges. [3]

n=1

10. A group of scientists have recently discovered the growth of a rare species of plant in
a wildlife reserve area in central Africa that is well known for its severe climate
changes at times. The scientists also discovered that the species of plant can be used
in the cure for several human terminal illnesses.

Let N denote the number of the species of plant at time ¢ years after its discovery.

(i)  Based on studies on other similar species of plant in other areas, the scientists
believe that the rate of increase of N is proportional to the product of N and
(1000— N). Given that they expect the number of plants to increase at a rate

of 125 per year when there are 500 plants in the area, deduce a differential
equation relating N and ¢. [2]

(i)  Given further that there are initially 200 of this rare species of plant in the area,
find an expression for N in terms of ¢ and sketch of the graph of N against
t. [7]

(iii)  The scientists target to have the number of the species of plants in the area to
exceed 1200 by the end of 5 years. Determine if this target can be

achieved. [1]
(iv) Based on the context given, provide two reasons why the proposed model of
growth for this rare species of plant may not be suitable. [2]
©RIVER VALLEY HIGH SCHOOL 9758/01/2018
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11.  Alice is tasked to design a new logo for a toy company. The logo consists of the finite

. 1 1 .
region R bounded by the curves y = ———, y =————— and between the points
1+4x \J5—4x?

P and Q as shown below.

Y A

1

Ty

—»
»

0 X

(i)  Find the x-coordinates of P and Q and show that the exact value of the area of

R is given by
T . 1
——sin” | —|. 6
4 (ﬁj !

Alice then decides to explore different regions bounded by various transformations
of the above two curves.

(i)  Without evaluating the actual integrals, deduce the exact areas of the finite
regions bounded by the following curves. Justify your answers.

@) S 2]
PTa 8xrs Y T g —ax
]
b = and y = 2
(b) y T4 N : [2]
——X
4

In designing a related 3-dimensional logo for the company, Alice considers rotating
the above finite region R about the y-axis.

(iii)  Find the volume of the 3-dimensional logo formed by rotating R 180° about
the y-axis. [3]

END OF PAPER
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Section A: Pure Mathematics [40 marks]

2 —
1 A curve C has equation y:ﬂ’ where 1< x < 3and x # 2.
x_
(i) Find % and comment on the gradient of C. [3]
(i)  Sketch the graph of C. [2]
(iii) By adding a suitable graph to the sketch of C, solve the inequality
2 P—
oS 3(v-2)?, for 1<x<3x# 2. [3]
x—2
: . . . x*—-3x+3
(iv) The function g is defined by g(x) =5 for 1< x<3and x#2 such
that g(x) =g(x+3). Sketch the graph of y = g(x) for —1< x <5. [2]
2. (i) Express 22r+3 as partial fractions. [2]
(r+D(r+2)(r+3
.. . . & 2r+3 .
(i)  Hence find an expression for Z intermsof 7. [4]

Z+D(r+2)(r+3

(i) Using the result in part (ii), show that the following series is convergent and
find its sum to infinity.
21 27 33
+ + +
3x4x5 4x5x6 5x6x7

......... [4]
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3. The diagram below shows the structure of an indoor farm to be built. Edges OA4, DC,
IH and EF are vertical, and edges OA4, AB, BC and CD are equal to EF, FG, GH and
HI respectively. Diagram is not drawn to scale.

1) i D

Taking O as the origin and the vectors i, j and k as unit vectors along the OD, OFE
and OA respectively, the coordinates of 4 and C are (0, 0, 20) and (50, O, 25)
respectively. All lengths are measured in metres.

(i) Giventhat —i + 4k isavector perpendicular to the flat roof ABGF, andi + 2k
is perpendicular to the flat roof BCHG, find the obtuse angle between the two

roofs. [2]
(i) A humidity sensor isto beinstalled along the line BG, 50 metres away from B.
Find the coordinates of the location of the sensor. [4]

(iii) A metal cable is anchored on the ground outside the farm in front of O4ABCD,
at apoint 25 metres away from O aong OD and 10 metresin front of OD. The
cable is attached to a point on 4B to secure the roof ABGF. Find the length of

the shortest cable needed. [3]
(iv) State an assumption for the above calculations to be valid. [1]
4. Thefunction f isdefined by f :x a 12 5 forx <m wherem < 2.
x —
()  Find the range of values of m such that both f ™ and f 2 exist. [4]

(i)  Suppose the range of values of m found in part (i) holds, find the functions
ftandf?, and state their domains and range. [6]

ORIVER VALLEY HIGH SCHOOL 9758/02/2018 [Turn over
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Section B: Statistics [60 marks]

5. Two fair six-sided dice are thrown. The random variable X is the smaller of the two
scoresif they are different, and their common value if they are the same.
(i) Showthat P(X =2) :% and find the probability distribution of X. [2]
(i) Hencefind E(X) and Var(X). [2]

A game is played with lvan and Jon taking turns to throw the two dice each. Ivan
throws the dice first and the player who first obtain the value of X equals to 2 wins
the game. If Ivan wins the game, Jon pays him $7. Otherwise, Ivan pays Jon $10.

(i)  Find the player who has the higher expected gain. Justify your answer. [3]

6. (@ During aclass reunion, 4 men and 6 women decide to stand in arow to take a
class photograph. Find the number of ways that they can do so if
(i) thereisno restriction, [1]
(i) at least 2 men stand together, [2]
(iii) exactly 5 women stand together. [3]

(b)  The 10 persons then sit at around table for dinner. Find the probability that 2
particular women sit opposite each other. [2]

7. At a supermart, the option of using cashless payment for purchases is available to
customers. On average, p% of the customers use cashless payment.

The manager of the supermart selects a sample of 30 customers for a survey.

(i)  Theprobability of not morethan 1 of customers surveyed use cashless payment
for their purchases is 0.245. Write down an equation in terms of p. Find p,
giving your answer correct to 3 decimal places. [3]

For the remaining parts of this question, use p =30.

(i)  Find the probability that the last customer of the 30 selected for survey isthe
10" customer who uses a cashless payment for his purchase.

[2]
Another manager of the supermart also selects a sample of 30 customers.

(ili) Given that there are atotal of less than 16 customers using cashless payment
for their purchases from both samples, find the probability that one of the
sample has more than 12 customers using cashless payment for their purchases.

[3]

(iv) State one assumption you have made in the calculation in part (iii). [1]
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8. Verde wants to investigate the time taken for different volumes of water to cool to
room temperature. He prepared a few samples of different volume and heated the
samples to their boiling point, and then recorded the time taken for the water to cool
to room temperature. The results are given in the table.

Volume (x/cm®) | 100 | 200 | 300 | 400 | 500 | 600 | 700

Time (z/min) 14 23 47 83 a 172 | 293
(i) Itisknown that the regression line of 7 on x is t = —65.1429+ 0.4318x . Show
that a = 121. [2]
(i) Draw a scatter diagram for the data and find the product moment correlation
coefficient between x and z. [2]

(i)  Comment whether the regression line is appropriate based on
(a) the scatter diagram; [1]
(b) the context. [1]

Verde considers using one of the following two models:
A t=a+bx*, B: t=a€”,
where a,be j , for the relationship between x and .

(iv) Explainwhichisthe better model and find the equation of a suitable regression

line for that model. [2]
(v) Estimatethetimetaken for 450 cm? of water to cool from boiling point to room
temperature. Comment on the reliability of the estimate. [3]

©RIVER VALLEY HIGH SCHOOL 9758/02/2018
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0. A newspaper report claims that the mean starting monthly salary of afresh university
graduate is $3500. However a human resource manager believes that this claim is
incorrect. A random sample of 60 fresh university graduates is surveyed and their
starting monthly salaries, $x, are summarized by

¥ x = 207000, ¥(x—3400)" =5450000.

(i) Calculate the unbiased estimates of the population mean and variance. [2]

(i) Tedt, at the 5% significance level, whether the human resource manager’s
belief is correct. [4]

(iii) State, in the context of the question, the meaning of the p-value found in part
(i). [1]

A second sample of 50 fresh university graduates is surveyed and the sample mean

and standard deviation of their starting salaries are found to be $y and $342

respectively.

(iv) Find the range of values of } such that this second sample would result in
accepting the manager’ s belief at the 5% significance level. [3]

(v) Suppose the claim by the newspaper is correct and the standard deviation of
the starting salaries of fresh university graduates is $543, find the probability
that a random sample of 50 fresh university graduates have its mean salary
below $3350. [2]

ORIVER VALLEY HIGH SCHOOL 9758/02/2018
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10.  Gary likesto take part in duathlons where there is atotal running distance of 15 km
and atotal cycling distance of 36 km. Histimings, in minutes, for running and cycling
are modelled as having independent normal distributions with means and standard
deviations as shown in the table.

Mean Standard Deviation
Timing for running (min) 100 15
Timing for cycling (min) u o

(i)  The probability that he completes his cycling in less than an hour is equal to
the probability that he completes his cycling after 2 hours. Write down the

vaue of u. [1]
(i)  The probability that he completes his cycling under 80 minutes is 0.158655.
Show that ¢ = 10. [2]

(iii)  Find the probability that thrice the time needed for him to complete cycling is
more than an hour from twice the time needed for him to complete the running.

[2]
(iv) Find the probability that his timing for cycling is less than 80 minutes and his
timing for running is less than 90 minutes. [2]

(v)  Show that the probability of Gary finishing the duathlon under 170 minutesis
0.134. Give a reason why this probability is greater than the probability
calculated in part (iv). [2]

Gary’ starget timing for completing aduathlon is under 2 hours 50 minutes. Over the
past two years, he has already completed 9 duathlons.

(vi) Find the probability that he achieves his target timing in at least 3 but fewer
than 6 of the duathlons over the last two years. State an assumption needed for
your calculation to be valid. [4]

END OF PAPER
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Solutions to 2018 Y6 H2 Maths Prelim Exam P1

1. Solution [6 marks]
p) (1
Given that O—A) and O_B) are perpendicular, | g |-| 2 |=0
r)il1
= p+29+r=0 ----(1)
p 1
Let n=O—A>><O—C>= q|x|1
r 0
p 1 —r -1
n={q|x/1|=] r |[=kl 1] ---(2)
r) o p—q 2
—r=-k
From (2): r=k = p-q-2r=0 -—-- (3)
p—q=2k

Let | be the line passing through the point D parallel to the

VGC'[OI’E)E.
0 1
l:r={-3|+B|2| whereBeR
0 1
Since A lieson |,
p 0 1
q|=|-3|+B|2]| forsomePeR --- (4)
r 0 1
p=4
From (4): <q=-3+28=2p-qg=3 or 2r-gq=3---- (5)
r=p

Solving (1), (3) and (5), p=1, q=-1, r=1.
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Solution [6 marks]

(1)

A X

(i)

2.

River Valley High School



3. Solution [7 marks]
(i) E= 0.99Q
r
diffwret, 952099 dr
dt r dt

(i) 0.2<r<1.4 (since —1< cos[%t] <1)

(iii) r:0.8+0.6c0s(%tj
Given: Q=4.0,g=15,r=1.1.

Subst r = 1.1 into eqn:
1.1 =O.8+0.6cos(%tj

1Y 1
cos| —t |=—

(34)-3
L C™ okt or Lt="42kn fork=0.12.3..
273 R

.'.tzz?n+4kn or %+4kﬂ

ﬂ =-0.3sin (lt]
dt 2

At the instant where the particle is 1.1 units from the

conductor,

. (1 j J3 NG)

sin| -t [=— or ——

2 2 2

. dE _-0.99Q dr
Tt r2 dt

(wj(ogﬁ] or (MJ[OSQJ

1.1 2 1.1 2

=+1.15947

=+1.16 (to 3sf)

River Valley High School



4. Solution [8 marks]

(1)(a)

Note that origin is on plane IT.

When O, A, B and C are coplanar, the line | lies on the
plane IT, therefore the line | and plane IT intersect along
the line | . (Points of intersection are points on |.)

(1)(b)
When O, A, B and C are not coplanar the line | and
plane IT intersect at the point A.

(i)
%|a>< b| gives the area of a triangle formed with two sides

parallel and equal in magnitude to a and b.

(iii)
|C-p| gives the length of projection of ¢ on p (or on axb,

or on normal of IT).

(iv)

Area of triangle OAB
1 0

I|x|1

0 1
1
-1
1

3 .2
=— units
2

Using (iii) result, height of pyramid
= height of point C relative to plane OAB
= |C- p| where p is a unit vector in the direction of axb.

N
=lo0|—|-1]=-—%
2‘61 V3

N R

Volume of the pyramid OABC = %XTX_ = 3 unit

J3

River Valley High School



5. | Solution [8 marks]

(i) Note that x=2sin’ @
:g—z=2(2sin6)cos€=4sin¢900s9.
Also, when x=0, 2sin’0=0=6=0;

when x=1, 2sin’f=1=sinf =
L:\/ZX—X2 dx

= W4sm2 60— (2sin® 6)* x4sin O cos O d6

:>¢9=z
4

1
NG

:J.()Z\/4sin26?—4sin46><25in26’ de

= jf\/4 sin® 6(1—sin’ ) x2sin 26 d@
:ﬁ\/mxzsmze de
=J.§25int9cost9><2sin20 dée
:j§2sin2 26 46

=Jfl—cos46 de

(i1)
J-l x(l—x) .fl X(2 - 2x)d
0 \2x-x* V2x-x%°

(2-2%)
—d
j (x)x — X

|:Xg2\/2x x} j 242x-x* g(1) dx}
2-0-2[ V2x-x dx}

2-2x= }_1——
i 4 4

1
2
1
2|
17
2l
1
2

River Valley High School



Alternatively,

1 X(1-Xx) 1 > X
L dx=| V2x-xX' ————dx
J“’ V2x—X IO V2x=X

=J'()l V2x—x dx + % J'l —2x+2 2 i

0 Jax—x - V2x—x2

+

It =2X+2
me

V4 1 1
— —dX - | ———dX
4 V2Xx— X I‘H/l—(x—l)2
V4 1 ! . 1

=7 + E[ 2x—x21)—[sm 1(x—l)]0
7
4

1 - .
+E(2)—(sm 0—sin (—1))

o)

Lz
4

6. Solution [9 marks]

@)
X=1-sin2t and y=cost

%=—20052t and ﬂ=—sint
dt t

dy  sint

&_ 2cos2t

(ii)

For stationary points, let

t=0,n

correspondingly

x=1,1

y=1, -1

Thus the two stationary points are (1,1) and (1, —1).

River Valley High School



(iii)
Graph of C

Normal at point P is parallel to x-axis implies tangent at
point P is vertical (grad is undefined).

Set denominator of % to be 0
X

cos2t=0

1 1 1 1
=_5 T = s T T = or ——
YR TR !

Thus the normal occur at four points

1 1 1 1
P(0,—=), Q2,—=), RQ2,——=) or S(0,———
( 2 2 )5 Q( b 2 )7 R( b 2 ) Or ( 9 2 )

e o

NA
2 >
1

The points form a rectangle with length 2 and breadth % .

River Valley High School



7. Solution [9 marks]
@)
dy vy
- ZL=2-—o—— 1
dx 2 @
Diff Implicitly wrt x:
d2 1 dy
I-x =——
R L (2 -y 2012
—X 1 dy
NIE'S —_— == 2
dx (dxj(wll_)&] 2 dx @)
x/1— X’ throughout,
d’y dy] 1dy
1-x)—2—X —Z\1-x
( )dx2 (dx 2 dx
d’y dy} y
1-xX)—2—x| = |=2Z (fi 1
( )dx2 (dx p (from (1))
Diff Implicitly wrt x:
3 2 2
(1- x)dy d (2x) x4y, dy)_1dy
dx® dx| 4dx
d’y d2y 5 dy
1-X)—=-3X—2 == —— 3
( dx’ dx* 4 dx ©)
Given that Xx=0, y= 1, From (1), (2) and (3) respectively
@ 1 dy_ 1 ays
dx 2’ x> 4’ ax’ 8
1. x5
1+x— +—CE)+—==)+
V=14 X))+ (D ()
3
—1+X+X—+l+ .(up to the X’ term)
2 48
Alternatively:
2 2
(1"‘2)(%] _y
dx 4
2 2
(1_X2)2[ﬂj(d_¥]_2){ﬂj :Xﬂ
dx J\ dx dx 2 dx
d’y | dy
4(1- —4x
(1-x )d g ax
2 2
4(1-x) 2’ gx 1Y _gxdY ¥ _dy
dx dx’ dx dx dx
3
4(1 X)d)! 12X y de 0...... (the rest is the same as abv)
dx dx’  dx

River Valley High School




(ii)
From (i)’s answer, diff term by term

dy 1 x 5% »
=—=—+—+—+...(up to the X" term
Y dx 2 4 16 (up )

Using the standard Maclaurin’s formula for €%,

1 x 5%

eV = ez+4Jr 16

1 x 5%

—e2gt 16

1
=¢? (1+§] (‘up to the X term)

N

Hence p:\/g and q = 2

Solution [11 marks]

(@)(i) [Z]=4 since |4=4
(1+ai)’
(1-i)’
(1+ai)[ .
ja-bf
(\/1+a2 )3
(v2)
('\/1+a2 )3 =8
1+a> =2
l+a’=4

a=+/3

a=43 (reject -ve as a is given to be positive)

River Valley High School
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(a)(ii)
argZ =arg (1+ai)’
(1-i)?
=3arg(1+~/3i)— 2arg(1—i)

=3(3)-2-)

= —g (principal value)
argZ =-—argz

cargz= g (principal value)

in

hence z=4e?

(b) (i) since i is a root,

(in)* +2(in) +(x* +€)(in)’ + p(in)+q=0
' +2m () +(n° +€)(—n’) +i(pr)+q=0
(q—€n*)+i(pn—2n’) =0

Equating real and imaginary parts,

q=€n’ and p=2n’

River Valley High School
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(b)(ii)

Now,

f(2)=2'+27 +(n* +e&°)Z* +2n°z+e’n’

As the polynomial f(z) has real coefficients, —im is also a
root.

Thus (z—in ) and (z+ i) are factors of f(z)

i.e., Z2+7’is a factor

f(2)= (22 +7° )(22 +mz+ e2) where m s to be determined

Equating coeff of Z or zin f(2),

m=2
f(2)=(Z +n*)(Z +22+¢€)
for f(z)=0

(zz+n2)(22+22+e2)=0

—24+4—4¢?

2

=—1+y1-¢’
=-1%iVe’ -1

(NOTE:1-¢’ is negative)

Z=tim or z=

Hence the remaining roots are

—im, —1+ive’ =1 or —1+ive’ -1

0. Solution [11 marks]

i
i)et Y,, Y, and Yy, be the 3", 4™ and 6" terms of the
arithmetic series.

;=a, y,=ar, yg=4a
Yo = Y4 =2d =2(Y,-Y;)
sar’—ar=2(ar —a)
r’—=3r+2=0 (shown)

2

r=2 or r =1 Reject since r =1 implies d=0.
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(i)

L:r=2 OR ﬁ:r=2

Y Y,

=>VY,=2y, :>y6:2y4

= a+3d =2(a+2d) = a+5d =2(a+3d)
=a=-d ---(1) =a=-d - (1)
S, =6

%[2a+(4—1)d] =6 - (2)

Sub a=-d into (2):
2d=-6
d=-3 and a=3

Alternatively
Yo Ys a+3d a+5d

y, y, a+2d a+3d

iec.d=0(n.a) ord=-a ---(1)
Solving (1) and (2),
d=-3 and a=3

(iii)
Let g, and a, denote the m" terms of G and A

respectively.
|9, —a,|>10000 ---- (3)

Since A:3,0,-3,-6,...

while G:-3,-6,-12,-24,..., a,>g, forall me¢".
|9, — @,/ >10000

a,—Jg,,>10000

[3+(M=1)(=3)] - (=3)(2)™" >10000

Using GC,

when m=12, a,—g,=6114 <10000

when m=13, a,—g,=12255 >10000

Hence, the least value of m=13.
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(iv)
a,=3+(n-1)(-3)
X, =(2k)*
X, = (2k)HDE3)
3 _37(n-1) . 3
Xy = (2K) [(ZK) } is a GP with first term (2K)” and

common ratio (2K)™.

The series an is the sum to infinity of the GP and it

n=1

converges when ‘(2k)_3 ‘ <1
1
(2k)’

(2k)* >1 or (2k)* <—1
2k>1 or 2k<-1

<1

k>l or k<—l
2

10. | Solution [12 marks]

(i) Based on the proposed growth model by the scientists,

%=kN(IOOO—N), k>0.

Given that (L—T= 125 when N = 500,

125 = k(500)(1000 — 500)
125 1

k = =
500500 2000
Thus, the required differential equation is

AN__1 N@00o—N)
dt ~ 2000
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dN 1

i1) Solving the D.E. — =——-N({1000-N),
(i 8 dt 2000 ( )
we have J.; dN = L
N(1000—N) 2000
L 0 S NI L
10007 N 1000 N 2000
Jx N = [0 gt= L at
1000 — N 2000 2
Then, In|N|—1n[1000 - N|=%t+c
Simplifyin ln——l +C
PEIRE 000 —N| ™2
1 1
:LzeEHc:L:iegwc
1000— N 1000— N
N L
=>——=Ae? where A==
1000— N
Given that when t = 0, N = 200, we have
_ 200 1
1000-200 4
1
Then, L=le2t
1000—N 4

Making N the subject:

1
4N = (1000 N)e*
1
= (4+€ )N =1000
1

1000e2 1000
=N = T 1

4+e 4’ +1

N 4
1000F - === === -mm oo

2007

0 g t/years
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(ii1) Based on the graph, we can deduce that the value of N
tends towards 1000 as t tends to infinity. Thus, it is not
possible for the scientist to achieve their target of exceeding
1200 plants in the area after 5 years.

(iv)

(1) With severe climate changes in the wildlife area, there may
be harsh conditions to deter growth of the plant and thus
causing decline in their numbers at times; or

(2) With the news of their cure for terminal illnesses, it may
attract further unwelcomed visitors to the area for harvesting
of the plant for private profits, thus again causing significant
decline in their numbers.

11. | Solution [13 marks]

(i) For the x-coordinates of intersection points P and Q, we
1 1

144X J5-4x°

Using GC, we have

let

X= % for point P and X = —% for point Q

The area of region R

_ J-l/z 1 dx
v 1A 5-4x>

BNk 12
- Il/z 1+(2X) .[1/2 W
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B 1 1
@) Y= e exs 4(x—1)* +1
and y= ! !

JI+8x—4x2 =\/5—4(x—1)2

Thus, the original curves are translated 1 unit in the positive
X-direction.

.o 41 .
Thus, the exact area is still i sin™ (—] unit’.

NG

4%° 1+4x°

(ii)(b)y=1+2 =z( 1 j,and

yo L1 2 _2( 1 ]
\/S_Xz 5-4x2  f5-4x  ({5-4%
4 4

Thus, the original curves undergoes scaling by scale factor 2
parallel to the y-axis.

The area of bounded region

=2><J'1/2 ]'2— ! dx
2 144X J5-4%
3 a1 s
= —=2sin" | —= | unit".
o[
1
(11) Fory=-——:
5—4x°
when X =0, y:L, and X2:§— 12
J5 4 4y
For y=——:
Y= Trax
, 1 1
whenx=0, y=1, and X’ =———
4y 4
11
Also, Q=| —,—
o (33)
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Then the required volume
1
> 51 N B |
=7z|? ~——y?dy + #|, ——d
Ig PV I; ay 2

=0.174 unit’

River Valley High School



Solutionsto 2018 Y6 H2 Maths Prelim Exam P2

1 Solution [10 marks]

()
x> —3x+3 1
X—2 X-2
&y 1
dx (x-2)
For x=1or B,Q:O
dx
= C hasstationary pointsat x=1and x= 3.
Forl<x<?2or2< x<3,%<0
X

= Cisdecreasingonl< x<2and2< x< 3.

Alternatively,
Since 1< x<3, 0<(x-2)°<1

1,
(x-2)°

Yoo
dx
i.e. the gradient is aways non-positive.

(i) y

(3.3

v
X

(l’ _l)
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(iii) A

(3.3

§
(1,-1)e | 2824123

v
x

x> —4x+5
X—2
x> —3X+3-x+2 S
X—2
x> —3x+3 S
X—2
Sketch the addition graph y = 3(x—2)2 +1.

>3(x-2)°

3(x-2)°

3(x-2)° +1

Thus, 2< x<2.82.

(iv) y

1, -1) (4, -1) e

River Valley High School



2. Solution [10 marks]

(i) Let 2(2r+3) A N B N C
r+D)(r+2)(r+3) r+1 r+2 r+3’

By cover up rule,

LAY e 2D Lo AY g
ey -D@ (-2(-1
2(2r+3) 1 N 2 3

Cr+Dr+2)(r+3) r+1 r+2 r+3

- 2r+3 _19 2(2r +3)
(i) rZ:;‘(r+1)(r+2)(r+3)_22_1:(r+1)(r+2)(r+3)

2t )
r+1 r+2 r+3

1 2 3
2 T3
1 2" 3
3 L s
QY
a8
2 1 2.7 3,
n-1 A np¥l
1 .7 2.7 3
a1l n+2
1.7 2 3
LA+l n+2 n+3]
13 1 3
"2 E_m_nﬁs}

23 1 3
4 2(n+2) 2(n+3)
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(i)
21 27 33
+ + +
3x4x5 4x5x6 bx6x7

( 7 9 11 j
=3 + + +....
3x4x5 4x5x6 b5bx6x7

R 2r+3
B 32; (r+)(r +2)(r +3)

i 2r+3 3 20 +3
= +D)(r+2)(r+3) @A+DH(1+2)(1+3)

.13 1 3 5
=3lim| —— -
=l 4 2(n+2) 2(n+3)| 8

—0 and 9
2(n+2) 2(n+3)
Hence the seriesis convergent, and
the sum = SE—O—O} >_13

AsSN— o, — 0.

8 8

3. Solution [10 marks]

@)
-1\ (1
0110
4 2
cos™ =cos* . 40.6013°

V1745 V1745

Angle between roofs
= 180°-40.6013° =139.4°
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-1 0)(-1
(i) PlaneABGF: r-| 0 |=| O ~[O =80
4 20\ 4
1 50) (1
Plane BCHG: r - O]— 0 {-| 0|=100
2 25) (2
Taking intersection and using GC,
40 0
lgg :r=| O |[+A4| 1], A€
30 0

Wheny =50, 41 =50.
Thus coordinates of sensor is (40, 50, 30).

(iii) Coordinates of Bis (40, 0, 30).

Cableis anchored to the ground at the point

P(25, —10, 0).
Required length = perpendicular distance from P to line AB.
0 25 -25
un
PA=| 0 |-|-10|=| 10
20 0 20
40 0 40
AB=|0|-| 0 |=|0
30) (20 10

Length of shortest cable

4 -25 4
7]
=|PAx| 0| =| 10 [x| O
1 20 1
10
105
= —40 = 27.4 metres
V17 '
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(iv) Thethickness of materials used for building is
negligible.

4, Solution [10 marks]

(i)

f exists becausef isone-oneon x<m< 2.

= (—eo,m), R = | 0, 1 >
Df—( )R (O(m—Z)]

For f? to exist, Rf < Ds .

O<

<
(m-2)°
m(m-2)°>1
m’ —4m’ +4m-1>0
Solving with GC,
0.382<m<1 or m=>2.84 (regect sincem< 2)

(x— 5= X= 2+T

Sincex<mx< 2, x=2—i

Nl

(i) y=

fi(x)=2- =

Jx

Df_lz[o, ! J
(m-2)

R, = (=)
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sz = (—oo, m)
1 1 (m-2)
(—oo,m) ! (0, 2] ! 21 5 2 = RZ
(m-2) (1-2(m-2)*)
5. | Solution [7 marks]
(i) Using the following possibility table, we have:
2 die
1 2 3 4 5 6
1 1 1 1 1 1 1
2 1 2 2 2 2 2
1% die 3 1 2 3 3 3 3
4 1 2 3 4 | 4 | 4
5 1 2 3 4 5 5
6 1 2 3 4 5 6
9 1
Fromthetable, P(X =2)=—==
36 4
Probability distribution of X:
X 1 2 3 4 5 6
px=y Lo | 7] 5|31
36 36 36 36 36 36
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(i)
E(X)=26:XP(X = x)=% (or 2.53)
Var(X) = E(X?) - (E(X))’
:(26: X*P(X = X)j—(i XP(X = x)j
_21_(%)2
36 \36

2555

=—— (orl1.97
1296 ( )

(i)

P(lvan wins) = (%} +(%}2 (% +

E(gain) for lvan = gx 7+§>< (-10) =-%$0.29

Since lvan is expecting to lose 29 cents, Jon has a higher
expected gain.

Alternatively,

(321 23]

E(gain) for Jon = $><10+;><(—7) - $0.29

Since Jon is expecting to win 29 cents (i.e. Ivan is expected to
lose 29 cents), he has a higher expected gain.
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6. | Solution [8 marks]

(@) (i) Number of ways= 10! = 3 628 800 ways
(i) TW1 TWzTW3 TW4TW5TW6T
4 Position for each of the men

Number of ways = 10! — No. of ways all men are separated

7
=10! — 6!><{ ]4!
4

= 3628 800 — 604 800
= 3024 000 ways

(iii)
TMlT MzTM3TM4T

T Position for the following “items’

|W1W2W3W4W5 |, We the w group

5 6
Number of ways= 4! x (ZJZ! X (5]5!
= 345 600 ways

(b) Let particular women be W1, W2

W1

Q O Can be any of the

remaining 8 persons

O Q/
O O
Q W2 O

Fix W1 and W2, then arrange the remaining 8 persons.
= No. of ways= 8!

.. Required probability
8! 1

T @-1! 9
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7. Solution [10 marks]

0]
Let X be the r.v. “no of customers who uses cashless
payment” out of 30.

x~5@qllj

100

P(X <1)=0.245

P(X =0)+P(X =1)=0.245

Sl (Sl o

30 29
(__BJ +03p@f_ﬂj ~0.245=0
100 100

Using Solver in GC,
p=38.811

i
(Le?t Y be the r.v. “no of customers who use cashless
payment” out of 29.
Y ~B(29,0.3)
Required Probability
=P(Y=9)x03
=0.0471872337
~ 0.0472

(i)
X ~B(30,0.3)

Let W be the r.v. “no of customers who use cashless
payment” out of 60.

W ~ B(60,0.3)

Requires probability
_P(X; =13 X,<2)+P(X; =14, X, <) +P(X, =15, X, =0)

P(W < 16)
_ 2x(P(X =13)P(X £2)+P(X =14)P(X <1)+ P(X =15)P(X =0))
B P(W <15)
= 0.0008312264247
~0.000831
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(iv)
The assumption is that the people being surveyed are all
different in both samples.

(OR Samples are independently and identically distributed.)

8. Solution [10 marks]

(i)

X =400

t =-65.1429+ 0.4318(400)

t =107.5771

14+ 23+ 47+83+a+172+293=7xt
632+ a=753.0397

a=121 (shown)

(i)
t/minutes

o (700, 293)

250

200

o
150
e
100
o
50 L]
(1 0% 14) o x/cm®
0 100 200 300 400 500 600 700 800

r =0.9414677299 = 0.941 (3 sig fig)

(i)

(@) Although the r value is 0.941 which is close to 1
suggesting that thereisastrong linear correlation, the scatter
diagram shows that the relationship is more of a curvilinear
one, with t increasing increasingly as x increases. Thus, the
regression line is not appropriate.

(b) The regression line predicts that for volume less than a
certain amount, it takes negative time for the water to cool
to room temperature which is not possible in the context.
Thus, the regression line is not appropriate.
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(iv)

Calculating the r- values for models A and B,

Model A: r-value = 0.987 while

Model B: t = ae™ = Int =Ina+bx, r-value = 0.994,

Since the |r|-value for model B is closer to 1 compared to
model A, model B is the better model.

Regression lineof Inton xis
Int = 2.224858298 + 0.0050332105x

Int =2.22+0.00503x (3sigfig)

(v)
When x = 450,

Int = 2.224858298 + 0.0050332105( 450)
t =89.10389273
=~ 89.1 minutes (3 sig fig)

The estimate isreliable as

the appropriate regression lineis used (t being the dependent
variable);

r = 0.994 which is close to 1, suggesting a strong linear
correlation between In t and x; and

the estimated point where x = 450 is within the data range of
100 to 700.

9. Solution [12 marks]

0]
- 207000 _ o,

> (x—3400) = 3000

2
30%0 } =89830.50847 = 89800

s = 1 5450000
59
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i
(Le)t A be the mean starting salaries of fresh graduates.
Test H,: u=3500 (i.e. manager’s belief isincorrect)
Against H,: #3500 (i.e. manager’s belief is correct)
Perform a 2-tailed test at 5% level of significance.

Test Statistics:

2

Under H,, X ~ N(SSOO,%} approximately

~ X-3500
S
oo

Using GC, p-value = 0.196284 (>0.05)
Do not reject H,,. There isinsufficient evidence at 5% level

of significance that the human resource manager’s belief is
correct.

Z N(0,1) approximately

(iii)

p-value of 0.196284 is the smallest value of significance
level for which the claim that the mean starting monthly
salary of a fresh university graduate is $3500 would be
rejected.

Or

p-value of 0.196284 is the probability of obtaining a sample
mean as extreme as the one obtained, assuming the claim
that the mean starting monthly salary of a fresh university
graduate is $3500 is true.
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(iv)

Test H,: #=3500

Against H,: u #3500

Perform a 2-tailed test at 5% level of significance.

s’ = i—gx 342% =119351.0204

Test Statistics:

Under H,, Y ~N (3500, 1193510204

roximatel
50 j appi y

. Y-3500
- \/119024.489%0

Since H, isrejected,
y—3500
119351.0204
Jassstoss,

y < 3404.241954

~N(0,1) approximately

<-1.95996

Or

y—3500

\/119351.020%0

y > 3595.758046

>1.95996

Answer: y<3400 or y> 3600 (to 3sf)

. 2
W) X ~N| 350023
50

j approximately by CLT since

sample size (50) islarge.

P(X < 3350) = 0.0254

10.

Solution [13 marks]

0 =120 90 minutes
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(if)
Let C be Gary’ stiming for cycling.
C~N(9,0?)
ya :ﬂ ~N (0’1)
o

P(C <80)=0.158655

P(Z < 80~ 90) =0.158655
(o2
80-90 _ —1.000001057
O
-10

o=————=10
—-1.000001057

(iii)

Let Rbe Gary’stiming for running.

R~ N(100,15%)

3C-2R~ N(70,1800)

P(3C-2R>60) = 0.5931680976 ~ 0.593 (3 sig fig)

(iv)

Required probability
=P(C <80)xP(R<90)
= 0.0400592579
~0.0401 (3 sigfig)

(v)
C+R~ N(190,325)

P(C+R<170) = 0.1336287896 ~ 0.134 (3 sig fig)(shown)

The event in part (iv) is but a proper subset of that in this
part, hence the probability is here is greater than that in (iv).
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(vi)
Let X denote the number of duathlons which Gary manages
to achieve histarget timing, out of 9 duathlons.

X ~B(9,0.134)
P(3<X<6)=P(X<5)-P(X<2)
= 0.1080999944
~0.108 (3sigfig)

The timings for each of the duathlons are independent.
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