2021 NJC H2 Mathematics Prelim Paper |

sin[ (n+1)0—n0 |

1 i Show that
® cosn@cos(nﬂ)@

= tan(»n + )& — tan #d. 2]

(i)  Hence find, in terms of w and &, an expression for
secHsecc 28 +sec 20 sec 30 + sec 3@sec 40 +... +secnfsec(n+ )8 where ne Z7 . [3]

2 The number of bacteria (in millions) in culture A at the start of the #™ day {s denoted by ,, for

neZ° . After the start of each day, a researcher subjects culture A4 to high temperaturcs that kitl
60% of the existing bacteria. At the end of each day, 3 million new bacteria are produced in
culture 4. There were 5 million bacteria at the start of the first day.

(i)  Write down a sequence in the form u = au, +h, where' g and b ar¢ constants. [

n+l
(i} Describe the behavior of the number of bacteria in culture A in the [png run. [1]

In culture B, the number of bacteria (in millions) at the start of the »™ day [is denoted by

4 -
v, = — P for ne?' and where p, ¢, r are constapts.
N +gntr

The researcher started the experiment for culture B on 1 April and collected the following data:

At the start of Number ofbagter;a (in rm]hons) present
in culture B
1 April 2

2 April 2.4

4 April 1.6
(iti) Find the value of p, ¢ and r. {3]
(iv) On which date will the researcher first record the number of bacteria in culture B to be
below half'a million? [1]
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e

2
T'he diagram shows the curve with equation y = fx) for xe® x= g_ The curve crosses the

.. . : 2
axes al x = —4, x =1 and the origin, and has asymptotcs with equations x =3 and y=-2.The

curve has a stationary point of inflexion at x=-4 and a turning point with coordinates (1, ;].

1 . e . - .
(i)  Skctch the curve y:]lfﬁ—. labelling any axial intercepts and coordinates of turning

points, and the equations of any asymptotes. [3]

(i)  Sketch the curve _v:f'(x) . labelling any x-intercepts and the equations of any

asymptotes. [3]

4 (i) Differentiate ¢™ with respect to x. [1}
(i) Find je sindx dx- [3]

(iti) Hence find Je“"sz" (cos3xsinx) dx. [3]
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A
F 3 1_
s
—+8
P 2m 4
B
L
2m C
Q
Two straight corridors, P and O, each of width 2 m, meet at right angl¢
across the ceiling of the corridors using a taut string such that the string is |
and always touches the inside corner of the wall at point B. The string a
walls at variable points 4 and C respectively. In the position shown in th
angle between AC and the wall of corridor P is %+ ¢, where @ is a suffig
. . 1 |
(iy  Showthat 4C =2| — + .
sin(7£+9 cos| T+@
4 4
(if)  Hence show that
AC =1+ 58’
where r and s are constants to be determined.
B,
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>s. A banner is hung
parallel to the ground
50 touches the outer
¢ diagram, the acute

riently small angle.
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6 (i)  Using the substitution x =tan @, find the exact value of —]—,_-ﬁ dx. [4]
I ‘\“ -+ X2
(i) The graph of }):—l—-«—! for 0<x<1, is shown in the diagram. Rectangles, each of

NIFY'S

. ]
width —, are drawn under the curve.

H
¥
A
y = H
\‘\1%— x:
o
[
[
» X
O H 2 5 n~3u-2n-t I
A oonmoon n BN

Show that the total area A of all # rectangles is given by

I | ] 1 1
.+ + .

+ + +..
\/;1424r12 \jn3+21 \/nz+32 \[nng(”_])z N2

A=

State the imit of 4 as n—> oo, [3]

7 A sequence of positive numbers .44, 4;.... is a strictly increasing arithmetic progression. It is

given that the first term is @ and the ninth term is 5.

: . 3 -
(iy  Find u, intcrms of @ and b and show that u, +u, +u, = E(b +a). [3]
(i)  Given also that a, u, and b arc consecutive terms of a geometric progression, express b
in terms of a. [3]

(iii) Hence, determine if a sequence that consists of consecutive terms In (u; }.In (2} and

in{u,) is an arithmetic progression. [2]
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8 The curve C has equation x” +xy+ay’ =36, where a is a constant such that a > %

(i)  Find the x-coordinates of the points on C where the normal is parallel {o the y-axis, leaving
your answers in terms of a. [4]

(ii) For a==, theregion R is bounded by C and the line x =—2 as shown in the diagram. It

SRRV

is also given that all points in the region R are such that x < —% .

> X
x==2

Find the volume formed when R is rotated completely about the jy-axis, leaving your

answers correct to 2 decimal places. [4]
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9 a -

2a

Figure 1 Figure 2 Figure 3

Figure 1 shows a piecc of card in the shape of a rectangle with sides ¢ metres and 2a metres.
A trapezium is cut from each corner, to give the shape shown in Figure 2 which consists of two
identical isosceles triangles and three rectangles. For the triangles, the two cqual sides are of
length x metres each and the height is # metres. The remaining card shown in Figure 2 is then
folded along the dotted lines to form a closed triangular prism with height y metres as shown in
Figure 3. The volume of the closed triangular prism is denoted by V.

(i) Find a formula for x in terms of 4 and a. Hence show that the value of / that gives a
stationary value of V satisfies the equation —16/ +12al’ +2d°h—d’ = 0. (6]

(i) Suppose « =5. Find the value of 4 that gives a stationary value of ¥, and explain why
there is only one answer. Hence prove that this stationary valuc of Fis amaximum. {4]

10 Antibiotics are used to treat bacterial infections. The rate at which the amount of antibiotics in
a patient’s body decays is proportional to the amount of antibiotics in the patient’s body, x, at
any time 7 in hours. It is given that an initial dose of antibiotics with amount x, is administered

e x
to a patient. After 6 hours, the amount of antibiotics in the patient’s body is TO‘%

(i) Write down a differential equation relating x and 1. 1]

(i) Solve this differential equation to find an expression for x in the form F‘j, where P is an

exact constant to be determined. Hence find the time taken for the amount of antibiotics
in the patient’s body to reach 25% of the initial dose. [6]

As the amount of antibiotics in the patient’s body decays with time, a pharmacist recommends
administering the antibiotics every 7 hours with a dosage of x,, for an extended period of time.
(iii} State the amount of antibiotics in the patient’s body immediately after the second dose.
Hence show that the amount of antibiotics in the patient’s body at any time, f, after the

. : Yoy ()

second dose and before the third dose is x| 107~ +10 Jfor T<r <27, 31
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11 (i) Sketch the curve with equation y = 3 +————, stating the equations of the asymptotes.

lx—2|-3

Hence solve the inequality %+; > ! —l.

k—2[-37x 3

The functions fand g are defined by

f:leJrﬁ—lu—, xek, -1<x<I,

14c
g:xl—>sin(£ ,xe X, ESxS—C where
c 3 5 -

(i) Find f~ and state its domain.
(ii) Find the exact range of g.

The function h is given by
hix)=g(x), xeR, §2£<x<—

where ce ®7,

(iv) Find (fh)_' (—-;—] in terms of ¢.
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12 (a) The lines /, has equation r = l(}i+8j+8k+/l(i+l4j+hk), where 2 is a parameter and
It is a constant, Another line [, has equation r=si—10j+12k+ u(2i +2j-5k), where ¢

is a parameter and s is a constant. Given that I, and [, are skew lines that are
perpendicular, find the possible values of /1 and s. (4]

(b)

Nz

in an exhibition hall. an advertisement ball in the shape of a sphere with radius 1 unit is
suspended from the roof of a building using hanging cords. Points (x, v. z) are defined

relative to the centre of the ball at (0,0,0), where units arc in metres. Cords connecting

the ball to the roof are straight lines and the thickness of the cords can be neglected.

The roof can be modelled by a plane with equation O6x+8z=125. Cord OA starts at the
centre of the ball and the coordinate of 4 is (-2.5,0, 5). Cord OB also starts at the centre

of the ball and it is the shortest possible cord from the centre of the ball to the roof.

(iy  Find the coordinates of B and hence find the shortest distance between the surface
of the advertisement bal} and the roof. [3]

To further secure the suspended advertisement ball. a third hanging cord OD is added
such that cord OD is the reflection of cord OA in cord OB.

(i)  Find an equation of the line representing cord OD. [3]

A square LED light panel that is part of a plane is to be installed between the
advertisement ball and the roof. The distance between the plane containing the LED light
panel and the roof is 0.8 metres. Assume that the thickness of the LED light panel is
negligible.

(iii) Find a cartesian equation of the plane which represents the LED light panel.  [2]

(iv) Tt is given further that the square LED light panel has sides of length » metres and
its centre passes through cord OB. Find the largest possible integer » such that the
panel will not touch cord 04. [2]

® NJC 2021

www.testpapersfree.com



MNational Junior College |

{athematics Department

01

Suggested Solutions

(i)

sin[ (n+1)0-n6 |

cosnfcos(n+1)d

3 sin (n+I)Qcosn@—cos(n+l)t95in nt

cosn@cos(n+])9
_sin{n+1)@  sinng
B cos(n+ 1)0 cos nd

= tan{n+1}8 —tan n@ (shown)

(i)

secfsec 26 +sec 20sec 38 +sec3fsec 40 + ...+ sec nd sec{n+1)0

=ZSecr956C(r+])f9
r=1

d 1
=2

= cosrfcos(r+1)¢

N [tan(rﬂ)@—tanré‘}

sin [(rH)O—rG]

r=|

I

]
= Sing;(lan(rﬂ)@—tanrﬁ)

[ tan)é?\tau:f? ]
+tan 3<tan2&
= +...
siné@
+ tann?&r(w‘;])ﬁ
_+ tan(n+l)9— nnt

B tan(n+])9—tan6’

B sin&
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Q2 Suggested Solutions
) |wu,, =04 +3
(ii) | The number of bacteria in culture A remains constant at 5 million.
(iii) b= pn
"o gntr
At the start of the 1" day. n=1:
2=—£ﬁ:>2+2q+2r=p
l+g+r
p—2q-2r=2
At the start of the 2™ day. n=2:
2
24— 5096+48g+24r=2p
4+2g+r
2p-48g—-24r=906 (or p—24¢g-12r= 4.8)
At the start of the 4% day. n=4:
1.6 :——jﬂ—— — 25.6+64g+1.6r=4p
le+dg+r

Ap—6.4g—1.6r=256 (orp-1.6g-04r= 6.4)

By solving the system of linear equations using GC,

p=6g=—\ r=3.
{iv) | Find least n such that v, <0.5.

Plotl  Ploi2

Y1l
w2-hey

%I NORHAL FLORT DEC RERL RAPIAN
- IFRESS )

W -

® TR EDIT FUNCTION
\J

1
] B.7L
18 .gh52
11 85841
1z
13
1M B.EUL
15 p.uz28
1% 93951
17 b.3709
1B je.3ues
13 5,3304

Y 1=8. 49056603773585

From table, least #=13

Therefore, the rescarcher first record the number of bacteria in culture B to be below half

a million on 13 April.
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03 Suggested Solutions
(i)
¥
A
o
>
)
3
| __!
Y =7
x=0 x=1I
(ib)
Y
A :
/\ : v=>0
. —ee X

—4 -1\

"2

x=-

3
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04 Suggested Solutions

(l) %(ec(1521) — __zemsEx sin 2x

(I]) Jemsz.\- sindx dx :_J(_Zecosh’ sin 2}(.’)005 2y dx

ey y
= e cog 2+ 4

= gtostx (I —cos 2x) +c

e T v s .
=" cos2x+ je‘“” (—2 sin 2x) dx

(iii) J’e“’“:“'(coshsinx) dx
= lzjc““‘z" (sin 4x —sin 2x) dx
:lzje“’sz"(sin 4x) {ir+%'[e“””2"' (—sin2x) dx

] oy Yy I e 4
=—e¢""" (1-cos 2x)+ze‘"‘"'" +e

_ o082y (i —-l—COS 2x] +¢
3 2
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Q5 Suggested Solutions
(@) sm(ﬁﬂ,ﬁ?JzﬁzfiB— 2
sin(£+9]
4
2 2
cos(-+9)——:> BC=—F—"
T
cos| ~+8
[3+7]
OR
Sm(E—Q)z—gw
B¢
2 . 2
BC = 2 = = -
sm(——@) cos(——(%—{?)] cos[—+6’]
AC = AB+ BC
2 2
= + .
sin (E + 9) cos[n +9J
4
_n ] N ]
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1

242 !

cos(?+sind?

cos{?— sin &

%

2

o

~ 42 + 6267

—o+ 2+
2

-2 e -2 0
2 2
=22 E+6)——2~) +(1~9_'9—

7 -

+[1+(—1)[10—8—:J (_I)»,(Z)[O_QL;]_+"}}
po o

)
2) f!)( )[

j

-2 ]

Q5 Suggested Solutions
(i)
AC=2 ] + ]
sm( +9) COS(E+9]
4
5 1 N ]
sin£_0056'+cosgsin(-) COSELOQB sin - smﬁ
-4 4 4 4
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Q5 Suggested Solutions
Alternative Method {Cosine double angle formula)
1 1
AC=2 +
sin(£+ 6’) COS(E+9]
4
_» | N 1
sinEcoséhcosEsinE cos = cosf—sin Zsing
4 4 4 4

cos@+sind  cos@—sind

2\/5[ 2cosd )

cos’ @ +sin* @

:2\/5( L )

Il

-

:2\/5(20059)
cos28
9
~ 442 ———27-
ey
2
2
=42 pﬁﬂ](l—zoz)"
2
o* 5
=442 “dJ(1+26 +..)
3

=4\/§(l+%92 +)
2 42 + 620"
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Suggested Solutions

Q6
(i

x:tanﬂaﬂzseczﬁ
dé
When x=0,tan8=0 = &=0

When x=1tan#=1 = 9:%

i o= [ =
S+ X 1+tan’ ¢

:stecﬂ de

sec’ &df

=[lnlsec9+tan H[:lj'

= ]n{sec—TEHanE]— In{sec0+tan 0)
4 g

:111(\5+l)_ln(l+0)

:ln(ﬁ+l)

(ii)

"

A [, .
1

1 I
ot +
] 2 2 2
Jn’+(n—|} VR R

= ] b i' k)
NPTEES RN LS o

As n— oo, A—>ln(\/§+1).

1 1
- * 7 -\—”'_" [ 7 - T N
K . y ? 241 >
1 I N R ]j{n—l}) N (]f—(]))
/
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Q7 Suggested Selutions
(i) | Letd be the commen difference.
a+(9-1)d=b
d=b~a
8
2(5"(1) 3u+b
U, =a+ =
8 4
wy s+ U,
2b— - —
B P )} T PO A Y L Gl
8 8 8
_y,,12(0-4)
3
=—(b+
 (h+a)
(ii) ﬂ_i
a .
ab :(”3)2
:(a'+2d)2

[+25)
=|a+
4
-M a4+ bY
4
94’ +6ab+ b’
16

9a“+6ab+b'_ab:0 o~
16

9q° +6ab+b’ —16ah

16 -

94" —10ab+bh" =0

(9a-b)(a-b}=0

0

Since the arithmetic progression is strictly increasing, b #a. Hence »=9%a.
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Q7 Suggested Solutions

(iii) - 4(9(1—0’)
In|{ ——2——

8
8

Since In{,)—1In(us)= In(u;)— In(x;}, the terms are not consecutive terms of an

arithmetic progression.
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08 Suggested Solutions
() X +xv+ay’ =36
dy dy
2x+x—+y+2ay—=0
FERE ™
dy
Xx+2ay)—=-y—-2x
(x+2ay)——=-¥
d_y__y+2x
dx x+2ay

For the normal to be paratlel to y-axis, the tangent will be parallel to the x-axis. Hence

by
dx

Therefore, y =—2x.

Substituting y =-2x:
X xp+ay’ =36
x* + x(—2x)+a(—2x)2 =36

¥ (4a-1)=36
, 36
da-—1
6 6
X = or —

(i) | When x=-2,
(—2)2 -2y +%y2 =306

5
Ty =2y-32=0
5. )

y=4 or —3.2 by GC

x2+xy+%y2 =36

¥ +xy+(%y2 —36j=0

—yi-\/yz —4(1)(2.5)" ~36)
x:
2

:—yiJl44—9y2

2

Since R is in the region where x < —% \

—y—J144 -9

2

X =
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Q8 Suggested Solutions
Required volume
4

2

e e A

= 542.8672117
=542.87 (2 d.p.)
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Suggested Solutions

(i)

In Figure 1, considering the breadth of the rectangle,
Base of the isosceles triangle = a—2x and

consider the triangle on the right and half the breadth of the rectangle,

2
X' - K :(ﬂ—x]
2
2 X

x=—+—
4 a

we have

Consider the length of the rectangle. We have
2a=y+2h — y=2a-2h

V = (Area of isosceles triangle)x y

S L Fa | S

For stationary V, d—V-: 0.
dh
9 ah—6 + 2 =0
2 s,
16h —12ah* - 2a°h+d’ =0

—16/° +12al* +2a°h—a’ =0

(i)

If =5

—16/ +12al" +2a’h—a’ =0
h=4.0451,-1.5451 or1.25

Since />0, we reject h=—-1.5451.

2
Also if h=4.0451, x:%+4.045}

~ 4.522566 and
2x=904513>5=4.

Thus the only possible value of & is 1.25.
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Suggested Solutions

&V _ @ e 2w
dh a
LAY TS
di* a

When ¢=35 and A=1.25,
d'v
dn’

24 5
3

=—=125<0
Thus, ¥ is maximum at s =1.25
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When 1:6’3{:_52_

1000

S
1000
v

1000

kxlnlOOO I

1:);0 [—In\}m)i

(In%\i.'

:xoek W10,

Q10 Suggested Solutions
® ? =—kx , where k& is a positive constant
t
{it) % -
di
l X
toe
x dr
1
—dx= |-k dr
Jzar=]
Injx|=—kt+C
[I| _ e—k.w('
x=tee"

- '
x=Ae™ where A =+e¢

When 1 =0, x=x,, A=1x,.

:;Inl{]zlnm

———In4=1.20 hours (3 5.f.)
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Q10 Suggested Solutions

(i) L X
From part (i), we have x = —*—.
(Vo)

Let the time from 2" dose be R. Then R=t-T .

Just after 2™ dose. amount of antibiotics in patient’s body is

x, + —2— . Replace initial dose "x,’ with * x, +—2—".

(o) (o]

Therefore, we have the amount of antibiotics in the patient’s body after the second dose

amount of antibiotics in body just after 2nd dose

(Vio}
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Q11 Suggested Solutions

(i)

i I 1

UL
|x=2]-3 x 3
x<—lor06<x<0or2<x<3orx>3.

|
From graph. for 5y

(ii) | Since x <2 (given domainis —1<x<1),
] I I i 1 1

—_— = =——

2 |x—ﬂ~3 2 —{x—Z)—3 2 x+1

y=_—-

2 x+1
LT
x+1 2 ’

T 1-2y
x+1 2
x+i= 2

-2y
xX= 2 -1

1-2y

1 . .
Consider graph of f{x)= %_—I for —1<x <1 in part {i).
x+
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Q11 Suggested Solutions
iil . ' - 14
(i) g(x)=sm[£). velR, S—C£x<———c
c 3 5
. 2
Period of g = T2
A
¢
Y
F 3
1|
o
2
When x =— sin(

(iv)

sin = =0
c
E:Oi 2k where ke 7.
C
Since E5x<-7-£,thf:rf:fore S—TESE-:E.
3 3 c 3
oo
€
x=2c
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Q12 Suggested Solutions

&

(a)
l;:r: 8 [+A[14], 1R
2
2

L:r={—-10|+pu

,HeR
12 -5

1, and /, are perpendicular:

14 |- =0

h)\=5

2+28-5h=0
h=6

Suppose [, and /, intersect,

104+ A S+21
B+140 |=| —10+2p
8+6A 12 -5
A 2p —s=-10
144 2u =—18
64 +5u = 4
By GC, s=5

Since the two lines do not intersect, s = 5. Hence k=6 and s R,

s =5,

This implies that line O8 L plane.

(b)(i) | Given: OB is the ‘shortest possible cord from the centre of the ball to

the roof”.
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Q12 Suggested Solutions
OB = projection of OA onto the normal of the reof
2.5 6 6
S — 0 21 - 0
5 6" +8 g 6" +8 8
25V (6)|/6
5 8/)(\8
6
_—15+40
100
1.5
=| 0
2
- B(1.5,0,2)

Alternative Method

361+644=25
A =025

6\ (1.5
0OB=025]0=| 0

8 2
- B(1.5,0,2)
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(b)(i) | Shortest distance from O to roof, OB
1.5

il
(S I 1

= J(15)Y + 22

=25
Since the radius of the ball is 1 unit.
Shortest distance between surface of ball 1o roof

=2.5-]

=1.5 metres

(b)
(i)

Point B is the foot of perpendicular of A onto line O5.

o5 0A+0D
P,
0D =20B-04
1.5) (-25
=21 0 |-| ©
2 5
5.5
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(b)
(iii)

Side view
A (-2.5, 0. 5)

Roof:
6x+82z=25

Let ¢ be the point on the bail that is nearest to the roof.

1.5
OB 5 1.5 1.02
OC =17 =17———~4==068 0 |=
05 L5742 2] 136
1.02) 76
0 |-|0|=17
13618
Equation of plane pis 6x+8z=17.
Alternative Method
For any plane with equation r-n= D
D
Shortest distance from () to plane :H
n

Shortest distance from (G to plane p =2.5-0.8=1.7
6

Since plane p is parallel to the roof, n// 01,
8

Therefore,

|2
1.7 =———==I[D|=17
V6 + 8
Since plane p are the roof are on the same side of O, D =17 (same sign as *25” from
equation of the roof).

Equation of plane pis 6x+8z=17.
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(b Side view
(iv) |4(-25,0,5)

Roof:
o6x+8z=25

2

AB=J(1.5+2.5) +(2-5) =5

By similar triangles.

g

5 1.7+08
n=0.8

Therefore, largest integer # is 6.

00 =(-1.7) +(3.4) = 1445

By Pythagoras Theorem,
2
0Q? =[3J +(1.7)
2

I’IZ 2
—=1445-(1.7)
. (17)
n' =46.24

n=06.8since n>0
Therefore, largest integer » is 6.

Alternative Method
Let O be the point of intersection between plane p and (OA.
-25Y{6 '
al 0 [H0|=17
5 8
a(—§5+40)= 17
17
o =—
25
17 -2.5 -1.7
00=—| 0 |=| 0
0 25
5 34
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Section A: Pure Mathematics [40 marks]
A curve ( has parametric equations
x=0—12i, y=¢-2 forrs2.
Sketch C, labelling the coordinates of any end points.

®

A line [ has equation ¥

m(x+16), where m is positive. It is given that

points where =2 and ¢ =k, where k <—4.
4

- ) k
(ii) Show that the area of the region bounded by C and ! is 6k —?—]6

An Art teacher teaches her students to create pattermns using squares of ¢
possible pattern is to begin with the first square with sides of length 2 mn
inscribed in the second square, where the corners of the first square coincid

of the second square. She continues inscribing squares in this manner wh

inscribed in the (n—i— ])lh square. Figure 1 shows a piece of artwork after 4

Figure 1

By using this pattern, Student A begins his artwork.
(i) Find, in terms of ». the length of the sides of the A square.
(i)

complete squares that he can draw on the paper.

Student B uses a giant drawing board and decides to make his artwork m
uses the same pattern and measurements as Student A, but he shades th

th

shades on any protruding areas covered by the 4™, 7t ,...,(3N+1) s

non-negative integer. A protruding arca is defined by the region bounded
square and the square immediately preceding it. Figure 2 shows a piece ¢
4 squares.

Figure 2
(iii)  Find, in mm°, the total shaded area as shown in Figure 2.
(iv)  Hence or otherwise, find the total shaded area if he draws 30 squa

in m2.

www.testpapersfree.com

2]

! intersects C at the

AT L) Y [5]
2m

different sizes. One
n. The first square is
¢ with the midpeints

Il .
ere the n" square is

squares are drawn.

(2]

A standard A4 paper measures 210 mm by 297 mm. Find the paximum number of

[2]

ore cye-catching. He
e I* square and also
quares, where ¥ is a

| by the newly drawn
f artwork if he draws

[2]
res. Give your answer

131
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3 Referred to the origin O, three distinct and non-collinear points 4, B and C have position vectors
a.h and crespectively. Point L is the mid-point of BC. The position vector of a point P is given

k .
by (1-k)a +5(b+c), where 4 is a non-zero constant and £ #1.

(i) Show that 4, L and P are collinear. [3]

(ii)  Show that ;’ﬁx@|:w|axh+bxc—axc. [3]

For the rest of the question, let & = %

Let point {2 be a point on the line passing through 4 and L. P and (J are distinct points and the
areas of triangle CPB and triangle CQOB are equal.

(ili) By considering part (ii), find the position vector of (J in terms of a.b and c. 14}

(iv)  Given that |E‘I =1. interpret geometrically !ﬁ’ﬁ' {1

4 (a) A quartic equation
iz (3= + (214 171)2° +(=51-151)z+45=0
has 4 distinct roots, z,, z,, z, and z, which are represented by points 4, B. ¢ and D

respectively. It is given that z, =31, z, =3 and Im(z,)> 0.
() Find z, and z,. (31
(i) Sketch the points 4, B, C'and D on an Argand diagram. [2]

(iii} Point £ represents the complex number wz, such that 4BDE forms a parallelogram.

Find w in the form re where »>0 and 0<8 < 2m. [2}

(b) Do not use a graphing calculator in answering this question.

(—4—4i)

Express = in the form re'’ where r>0 and —m<@<m [3]

LQJ§+2Q

(¢} Do not use a graphing calculator in answering this question.

Given that g =1—i. Find the three smallest positive integers » for which (iq")* is real

and positive. [3]
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Section B: Probability and Statisties [60 marks]

Twelve books, consisting of 5 identical Geography books. 4 identical Mat
3 identical Literature books, are arranged on a bookshelf that has a top racl

Six books are chosen and arranged on each rack. Let

A be the event that all the Mathematics books are together,

hematics books and
k and a bottom rack.

B be the event that all the Literature books are on the same rack and separated.
(i)  Find the number of ways to arrange the books if 4 and B occur. [2]
(i)  Find the number of ways to arrange the books if at least one Mathematics book is on the
top rack. [4]
e 2 w2 .
(a) Forevents Fand G, it is given that P(F) = 3 and P(G) = 3 Find the greatest and least
possible values of P{(F'NG). [3]
. W v e e 3 i N |
(b) Forevents 4, B and C, it is given that P(1) e P(B)zg, P(C) =3’ P(ANC) :5

-

and P(4LBLC)

events B and C are independent.
() Find P{4'~B|C).

(i)  Find the exact value of P(A4nBNC).

The medical director of a hospital knows that the mean systolic blood pre;

suffer from high blood pressure is 140 mmHg. He wishes to carry out a cli
whether a new drug is effective in reducing the systolic blood pressure o

from high blood pressure. The systolic blood pressure, x mmHg, of a 1

patients are summariZed as follows.

> (x-140)= -37.6 Y (x—140)" =1012.1

(i) Calculate unbiased estimates of the population mean and variance
pressure of patients who suffer from high blood pressure

(ti) Carry out the test, at 5% level of significance, for the medical direc
your hypotheses and define any symbols that you use.

(1i1) Upon closer inspection of the data of the sample of 60 patients, the d

%. It is also given that events 4 and B are i

dependent, and that

ssure of patients who
hical trial to evaluate
[ patients who suffer
indom sample of 60

~J

of the systolic blood
12}

tor. You should state

[5]

irector noted that the

value of ) (x —140)is correct but the value of Z(x—]ﬁl())2 should be larger instead. If

a new test is carried out using this information at the 5% level of
whether the result of this test will differ from the result of the test in

www.testpapersfree.com

significance, explain
part (ii). [31]
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National Fruit Company owns a large tomato farm. The tomatoes produced are harvested and
sold in boxes of 25. It is known that 100p% of the tomatoes are rotten. For these boxes, the
mean number of rotten tomatoes in a box is 1.

(i)  Explain why the context above may not be well-modelled by a binomial distribution. [1]
Assume now that the context above is well-modelled by a binomial distribution.

(ii) State the value of p. [1]
(iti) Find the probability that a box chosen at random has less than 2 rotten tomato. [2]

(iv) A customer chose a box and inspected the contents individually. Find the probability that
the twenty-first tomato is the fourth rotten tomato and no rotten tomatoes are found
subsequently. i3}

Boxes that contains at least 24 tomatoes that are not rotten are deemed satisfactory.

(v) A customer first picks 3 boxes of tomatocs. of which at least 2 boxes are satisfactory. The
customer then decides to buy another 5 boxes. Find the probability that exactly 6 of the 8
boxes are satisfactory. [4]

A shop sells two models of ovens produced by Factory A and Factory B. The lifespans of ovens
produced by Factory 4 have the normal distribution with mean 13 years and standard deviation
6 months, while the lifespans of ovens produced by Factory B have the normal distribution with
mean 15 vears and standard deviation k months. The lifespan of any oven is independent of one

another.

(i)  Given that 90% of the ovens produced by Factory B exceeds a lifespan of 14 years. Show
that & =9.3636, correct to 5 significant figures. [3]

(ii) Find the probability that the lifespan of a randomly chosen oven produced by Factory B
exceeds the lifespan of a randomly chosen oven produced by Factory A by less than 3
years. 2]

(iii) There is a probability of at least 0.4 that the lifespan of a randomly chosen oven produced
by Factory 4 is within #7 years of 13 years. Find the least value of n, correct to 3 decimal
places. [3]

(iv) Every oven produced by Factory A is wrapped in a box. A carton contains 20 of such
boxes. If there are at least 3 ovens in a carton with lifespans of less than 12 years, the
carton will be rejected. Find the probability that a carton is rejected. [3]
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10

A circular card is divided into 3 sectors with values 0, |, 2

and having angles

180°, (360p)°, (360g)° respectively where p and ¢ are non-zero constants. The card has a

pointer pivoted at its centre. After being set in motion, the pointer comes

one of the sectors.

In a game, a player gets to spin the pointer twice. The player’s score is

player’s score is
o the greater of the two values if the values shown on both spins are
¢ the sum of the two values obtained if the values shown on both spi

(i)  Show that the probability that a player’s score in a game is 2 is 0.5

(if}  Find, in terms of p, the probability distribution of X

(iii) Given that E(X) =%, find the exact value of Var(.X).

(iv) Find the probability that a player’s mean score in 50 games is less than 1.5.

A player plays 3 games. Let
A be the event that a player’s total score in the 3 games is more than 5.
B be the event that a player’s score is at least 2 in each of the 3 games,

(v)  Without doing any calculation, explain why P(B} is less than P(4]).

www.testpapersfree.com

ns are equal.

1o rest randomly in

denoted by X. The

[3]
12}

2]

{1
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Q1 Suggested Solutions
(i) ,
(-16.0) A
> X
o)
(1i)

(x.)

A=[" xdy-—

y=m(x+]6):>x:l—16

m

0 };
k-2 L‘—E (;—I6J d_V

k

ffs-sy

k4

-, :
= 1—64 -
4

20w —%w}

%—6k2}}+{

:6k2—?—l6k+l2+(k_2)

5

2m

> 16(k —2)

4

k-2

m
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02 Snggested Solutions
(i) " Length of " square

]
——
=
P
]
Il
b
t.

2
M r———
12
ke
2]
Il
-2
(-

The length of the 1" square is 2" mm.
() 1 2% <210
n+l_In(210)

2 In2

n<14.428
Hence maximum number of square is 14.

(iii} | From part (i). length of the n" square is 27,

. asl N7
Therefore, area of the »#'" square = (2 : ] =2

Area of the I* square = 2°

Area of the 4™ square — Area of the 34 square
_ 25 724

(2-1)

3

il
-2

H
)

Total shaded area in Figure 2=2" +2* =20

(iv) n Area Protruding area He will only shade up to the 28"
of n'" square of n'" square square it he draws 30 squares.

l 2’ 2

2 2? 272 =202-1)=2

3 2 2?2 L2-n=2

4 25 24

7 2* 2’
28 239 23
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Q2 Suggested Solutions
Total shaded area = 22 + 2" +2" 4+ ...+ 2%

2420 _1)
(2"-1)

= 306,783,380 mm*

=307 m’ (3 s.f).

=4+

2021/ SH2 H2 Maths / Prelims P2 / Suggested Solutions Page 3 of 18
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Q3 Suggested Solutions
(i) | 4L
= OL-04
_b+e
2
ar
=0P-0A

=(l1-kla+k———a
b;rc

(2

— kAL

OR

PL

~OL-OP

LA L AL
2

:(I_k)(b;cfaj

=(1-k) AL

Since AP is parallel to AL with a common point L,
A. L and P are collinear.

| Lepxc
2

J(or o) (0 -0c)

[U—k)a+k(b:c)—c}x(b—c)

=

1
2

=L Kax(p-e)+ S(bre)x(b-e)=ex(b-c)

| —

(1-k)ax(b—c)

:_+—;—(bxb—bxc+cxb—cxc)

[

—cxb+texe
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Q3 Suggested Solutions

(1-k)ax(b—c)

:é +%(0—bxc—bxc*0)
+bxc+0

- H(1-k)ax(b-c)+(1-£)(bxc)

[1-4]
?Tlaxbi—bxc—axcl
Gih) ]

k=—
2

. k- ] 1
()P:(1—k)a+5(h+c):;a+r4~(b+c)

The points 4, L, P and ) are collinear.

et / be the line passing through points 4 and L. 7:r =(1- k)a+g(b + ¢} where
keR k=l
Since P and O lie on the line passing through 4 and £, hence 00 = (1|~ 1)a +§(b +c)
for some real constant 4.
Hence, OQ has the same form as OP . This implies that area of triangle CQOB
-4 .
:Tlaxh+bxc—axc] by (ii).
Area of triangle COB = Area of triangle CPB
14| |t-0.5]
T[aberbxc—ach:T|axb+b><cwaxc
-4 [1-0.5|
2 2
I-24|=05 o,
|-A=050r —0.5
A=0.5 (value of k that gives point P) or 1.5,
- 1.5
oQ= (1~I.5)a+?(b +¢)
=—0.52+0.75(b+c¢)
2021/ SH2 H2 Maths / Prelims P2 / Suggested Solutions Page 50f 18
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Q3 Suggested Solutions

Alternative Mecthod (Geometrical)
C P

A

CPQB is a parallelogram.

k=

o | —

Ejﬁ:(ifk)a+§(b+c) %a+—}(b+c)

OC-0Q=0P-0B
0Q = 0B +0C ~OP
i I
=bt+e—|—a+—(b+c
{2 4( )}

=—0.5a+0.75(b + c)

(iv) PJ?’-EC: is the length of projection of 7P onio BC.

Note that the formuta for length of
projection of is |h~&[ where & is
an unit vector. Hence this works

because |EI: l.
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Q4 Suggested Solutions
@ | 2" +(=3-71)2" + (21 +170)2° +(-51-15i)z + 45=0
(M i 3
(z _3)(‘ +3')('Z Tazy b) =0 | Note that the cpefficients  and b
(Zz + (3i _3)2 —()i)(izz gz b) -0 may not be real. The conjugate .
root theorem also do not apply in
this case becauke the equation is
By comparing coefficient of constant term: not one with all coefficients real.
(—9i)(b) =45=h=35i
z term:
—9ai+b(3i—3)=—5]—15i
—9ai—15-15i=-51-15i
—OQai=-36
4
a=—
1
a=—4
(2" +(3i-3)z-91) (i’ — 4iz+5i) =0
(27 +(3i-3)z=9i)(i){z* —4z+5)=0
Solving (2’ —4z+5)=0 by GC,
z,=2—1iand z, =2+i since Im{z,) > 0.
(i)
Im
»
D21
°
C(3,0)
*— Reg¢
O
.
B(2,-D
A(0,-3) T
(iii) | From the Argand diagram, for ABDE to form a parallelogram, E{0,-1). Therefore,
wz, = —i
wz, =1
3w:c_iE
1 -
w=-—¢
3
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Q4 Suggested Solutions

(b)

L@y§+2q7=(|2+4fcﬁﬁ

amsy_ ()<
EUIETS

[ - " * = on
() arg(lq ) =rarg(1q )
=—[arg(i)+ narg(q) |
_(m_nm
2 4
ar"(lq’ ) =2krn. kel
_ E_ﬂ) =2k
Real and positive implies that 2 4
|
L
4 2
n=8k+2
The three smallest positive integers are 2, 10 and !8.
2021/ SH2 H2 Maths / Prelims P2 / Suggested Solutions Page 8 of I8
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Q5

Suggested Solutions

®

No of ways = 2x3x *C, = 24

(i)

Usins complement method

Total number of ways to arrange the 12 books

1
I, )
314151

3 cases if there is no Mathematics book on the top rack.
Case |: 4 Mathematics and 2 Literature on the bottom rack.

! '
No of ways = [6—J (6—] =90
4121 )3 5!

Case 2: 4 Mathematics and 2 Geography books on the

bottom rack.
P 1
No 0fways=[£]( 6! ]=3OO
4121 4 313!

Case 3: 4 Mathematics and 1 Geography and

| Literature book on the bottom rack.

1 !
No of ways = (6—) (n6—) =450
41 )\ 412

Total no of ways = 27720 —-90-300—-450 = 26380
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Q6 Suggested Selutions
(a) | Consider FcG:

((

Least P(F'ﬁG) is %

G

2
-

=
3

~+.,

P

Greatest P(F'm G) is

il

Alternative Method

Let P(F'nG)=x.
p(ma)zp(c;)_p(ﬁ'mc;)%—x.

4
P(FK\G')=P(F)—P(FﬂG)z%—[—f——-x)=x—G.

2

P(F-ns-)=1-p(mc;)=1—[x_i+3)=§_x_
15 3 5

Therefore, 0<x<1T and

2021 / SH2 H2 Maths / Prelims P2 / Suggested Solutions Page 10 of 18
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Suggested Solutions

Oszwxgl and {)Sx—iél and Osi-xél.
3 15 3

This is equivalentto 0<x <1 and

—léxsz and %ﬁxs— and ~E£x<_i—.

w [ O
th | e

v

19
15

<>
|
[ ]
SN )
|

4 3
— <L x£—
15 5

Greatest P(F‘m(}) is % Least P(#'nG) is %

(b)(i)

P(A'NB'NC)
P(C)
_1=P(4wBULC)
1-P(C)
3

P(A'nB|C) =

1—

N |

8

2

D

(b)(i)

Since events 4 and B are independent,
P(AB)=P(A4)P(B) :i.

Since events B and C are independent,

5
P(BmC):P(B)P(C):E.
P(AUBUC)=P(AY+ P(B) +P(C)
—P(ANB)-P(ANC)-P(BAC)
TPANBAC)
51 1 5

3.3,z 11 2 P(ANBAC)
4 8 3 8 4 3 12
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Q7 Suggested Solutions
i - =376
@ | 72370140 213937332139 (3 5.)
_ ~37.60)"
o= Mionr- B2
59 60
=16.7560565
=16.8 (3 s.f)

(ii) | Let z be the population mean systolic blood pressure of patients who suffer from high

blood pressure.
H,:p=140 vs H :p <140
Level of significance: 5% (lower tailed).
Under Hy,
X is approximately normal by Central Limit Theorem since = 60(230) is large.
L X 140 :

Hence, Z = — ~ N(0.1) approximately.
Method 1 : Using p-value
By GC, p-value =0.11783>0.05
Method 2: Using critical region and test statistic, z
Critical region: z < —1.64485
_ 1393733140

16.75605635.

/60
=-1.18590 > —1.6449
a8

Do not reject Hy .
We conclude that there is insufficient evidence at 5% level of significance to claim that
the new drug is effective in reducing the systolic blood pressure of patients suffering
from high blood pressure.

(i) | Since Z(x—lﬁlO)2 is larger, the value of & increases. The new observed test statistic
value gets smaller (closer to zero) and thus less negative than the original test statistic
value. Therefore, new observed z-value > original observed z-value > Zentical-

The new test statistic value remains to be outside the critical region (new p-value gets
larger which exceeds the critical region). So the result of this test will not differ from the
result of the test in part (ii).

(iif) | Alternative Method
Since Y (x—140)" >1012.17,

2021/ SH2 H2 Maths / Prelims P2 / Suggested Solutions Page 12 of 18
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Q7

Suggested Solutions

Therefore, new z = 6? (139.3733-140) > —1.6448
\l pE

. 1 » (=37.60)
hen s = —| 3 (x-140)" - AL |>16.75601
then s P !Z(r ) 0 ]>

Test statistic: — 140 ,{ 140

Therefore, new z = 6—? (139.3733-140) > —1.6448
\ e

Do not reject H, .

Hence, the result of the new test remains unchanged from the result of]
out in part (ii).

Detailed manipulation:
1 I

> <_
s 16.75601

\J V 16.75601
160 |
(I 39. 3733~l4{)) —(139.3733—]40) >—1.6449
s 16.75601

the test carried
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!

0~ B(3, 0.73581)
Let R be the number of satisfactory boxes out of' 5
R~B(5. 0.73581)

Q8 Suggested Solutions s
(i) | The probability that a tomato is rotten may not be the same for all tomatoes because the

tomatoes from the farm may be subjected to different treatment, thereby affecting the

quality of the tomatoes.

OR

Whether a tomato is rotten may not be independent of whether another tomato is rotten

because a rotten tomato may affect the quality of other tomatoes from the same plant.
(i) | 25(p)=1

1
=—=0.04

P™s

(iii) | Let X be the number of rotten tomatoes out of 25.
X ~ B(25,0.04)
P(X <2)=P(X<1)
=0.735810
=0.736(3s.1)
(iv) | Let ¥ be the number of rotten tomatoes out of 20.
¥ ~ B{20.0.04)
Required probability = P(Y = 3)(0.04)(0.96)’
= (0.0364499)(0.04)(0.96)'
= 0.00124 (3 5.

(v) | Let O be the number of satisfactory boxes out of 3.

P (exactly 6 boxes satisfactory | Q0 2 2) T,
P (exactly 6 boxes satisfactory and 0 = 2)
P(0>2)
B P(Q=2)P(R=4)+P(Q=3)P(R=3)
P(QZ 2)

_P(0=2)P(R=4)+P(Q=3)P(R=3)

1-P(Q<1)
~0335(3s.£)

30217 SIi2 H2 Maths / Prelims P2 / Suggested Solutions Page 14 of 18
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(9 Suggested Solutions
(i) | Let B denote the lifespan (in years) of an oven produced by Factory 4.

o)

P(B>14)=09

plz-12-151 49

]
12

k =9.3636497

=9.3636 (5 5.f))
OR

Let B denote the lifespan (in months) of an oven produced by Factory B.
B~N(180.4)

P(B> 14x12):0.9
p(z>@;ﬁgﬁjzo_9

_%54:—4_28]55I567

k = 9.3636497
=9.3636 (5s.1)

(i) | E(B-A4)=15-13=2

) +0.5" = 0.85886809

B 4~N(2.0.85887)

P(0<B—-4<3)=0.844 (35.)

(iii) | Let 4 denote the lifespan (in years) of an oven produced by Factory A|.
A~N(13,05%)
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P(lB——nS A< 13+n)20.4

P(4 <13-n)<03

LetP(A< a)=03
From GC, a = 12.7377997

13-n<12.7378
n>0.2622

Least n=0.263 3d.p.)
(iv) | P(4<12)=0.022750062

Let ¥ denote the number of oven, out of 20, with lifespan less than 12 years.
X~ B(20.0.022750)

P(X=23)=1-P(X <2)

~ | —0.9899538 .
=0.0100 (3 s.1)
I
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(1)
I*spin 2"spin Score
0.5 -0 0
%l
0 ]
b =2 2
0.5 050 |
21 él 2
4 2
g 2
\ 050 5
2 ] 5
g ™2 4
P(X =2)=05g+p" + pg+0.5¢+ pg
=qg+2pg+ p’
=(0.5-p)+2p(05~p)+p° 05+ prg=1
=05-p
() p(x=0)=(05) =025
P(X=1)=05p+p(05)=p
P(X =2)=0.5-p" from part (i)
P(Y=4)=¢*=(05-p)
X 0 1 2 4
P(}{ = x) 0.25 P 0.5*}72 %5 _‘p)z
(iit) 11
E(X)=—
0+p+2(0.5~pz)+4(0.5_p)z=u
9
11
H1=2p +4(025- p+p’)=—
pi1=2p*+4(0.25-p+p’) =
11
2-3p-2p =—
P—=p 9
18p" -27p+7=0
(3p-1)(6p-T7)=0
1 7 .
== =— (Re) - 0< p<]
p=7 orp 6( €) p=h
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X Y 1 2 4
plr=n| 03 | T | 7 [ L
3 18 36
E(Xz):()+l+22 [l (L
18 36
var(X) = E(X*)-[E(X)]
_ Z_(HT
349
68
81
) : = 1 68 : .
Since #2=750 islarge, X ~ N|—, approximately by Central Limit Theorem.
9" 81(50)
P(X <1.5)=0.984
(v) | Bisaproper subset of 4.

(If a player scores at least 2 in each of the three games, then a player’s total score in the three
cames will be at least 6 which is more than 5. Therefore, all the possible outcomes of cvent B are

also outcomes of event 4.}

Furthermore, there are outcomes in event A that are not outomes of event B. For
example, a player can score a combination of 0. 2, and 4 in each of the 3 games. The
total score is 6 which is more than 5, but the player did not score at least 2 in each of the

3 games.

Therefore, P(B) is less than P(4).

B
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