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Mathematical Formulae
1. ALGEBRA
Quadratic Equation
For the equation ax® +bx+c=0,
—b+~b* —4ac
X =
2a

Binomial expansion

(a+b)"=ad" + (’;ja”‘lb + (;J a7 4+ (n}a""b’ +..+b",
¥

n) nt  a(n=D.(n-r+l)

r _(n—r)!r!_ !

where 7 is a positive integer and (

2. TRIGONOMETRY
Identities
sin? A+cos’ 4=1
sec? A=1+tan” 4
cosec’4 =1+cot’* 4
sin(4 + B) =sin Acos B+ cos 4sin B

cos(A+ B) =cos Acos B¥sin Asin B

tan A+tan B

tan(A4+ B) =_—_—l$tanAtanB

sin24=2sin Acos A

cos2A = cos® A—sin? A=2cos? A-1=1-2sin> 4

1-tan“ 4
Formulae for A4BC
a b c

sin A B sin B B sinC
a* =b*+c* -2bccos A

A =-1—bcsinA
2
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. . 3x .
1 (a) Differentiate In| — i with respect to x. (3]
x
(b) Hence find [ Ly 2]
x*+1
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2 ltis given that cos 4 =-;— and sinB = _ L where 0° < 4 <90° and 180° < B <270°.

2

Find, without using a calculator, the exact value of cos(A4- B) , leaving your answer in the

form px/i + q\/—é , where p and g are real numbers. [4]
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3 Baking powder is poured onto a flat surface at a constant rate of 27 cm’s™! , forming a right
circular cone. The radius of the cone is always % of its height. Find the rate of change of the
radius of the cone after 3 seconds of pouring,

[Volume of cone = %m‘th (5]
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4 A and B are the points of intersection of the line 4y =2x+1 and the curve 3y—x=4xy.

(a) Find the coordinates of 4 and of B. [4]

(b) Henry says that the line 2y —4x =5 is perpendicular to the line 4B.
Is he correct? Justify your answer with workings.

(3]
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5 (a) Write down and simplify the first three terms in the expansion, in descending powers of
3 8
x,of | 2—-=1.
( x) (2]
3 8
(b) Given that there is no x term in the expansion of ( 1—2x — ko2 )( 2 __) , find the constant
x

term in the expansion.

[4]




BP~488

8

6 (a) Express y=4x—4x"-3 inthe form p(x+ q)2 +7 where p, g and r are constants. (2]

(b) Hence, explain whether 4x— 4x* —3=0 has any real solutions. 2]
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Peter constructed an open fish tank with a rectangular base of length 4] m, breadth / m, and
height # m. He wanted the total outer surface area of the fish tank to be 5 m’.

e Al

(a) Show that the volume of the tank, V' m’, is givenby V = %—(51 -4 ) [3]
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(b) Determine the area of the rectangular base for the tank to contain the maximum amount
of water when filled to the brim. [4]
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8 Inthe diagram below, TAX and TCY are tangents to the circle at 4 and C respectively. AC meets
TD at E and D is on BC such that TD is parallel to 4B.

(a) Prove that angle ACB is equal to angle ATD. [2]

(b) Using the result from part (a), explain whether a circle can be drawn passing through the
points T, 4, D and C. [2]
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(¢) Provethat CExEA=DEXTE. [3]
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9 (a) A square has an area (17—8\f2- ) cm?. The length of each side of the square can be

expressed in the form (a+b\/—2_ ) cm, where a and b are integers. Show that

4 1732 _
2b* 176" +16=0. [4]
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(b) [The area of a sector is %rza and the arc length of a sector is 76 .]
The sector of a circle with radius, 7, has an arc length of (\/1—5 -3 ) cm and an area of

(3\/5 ~J15 ) cm’. Show that r=M—5- and hence express » in the form
Ji5-43

( p+ q\/g ) cm, where p and g are integers. [5]
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10 Itis given that f(x)=2sin-)2E and g(x)=3cosx+1, where 0<x<27.

(a) State the period of f(x). [1]
(b) State the smallest value of f(x). [1]
(c) State the largest valuc of g (x) (1]

(d) Sketch on the same axes, the graphs of y =f(x) and y= g(x) for 0<x<27.
Label your graphs clearly. [4]

Y a

A 4




BP~497

17

(€) The solutions to the equation f(x)=g(x) for 0 < x <27 are a and b, where a <b .

State, in terms of @ and b, the range of values of x for which f(x)> g(x). [1]
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11 The diagram shows a rectangular wooden plank ABCD, 5 m by 2 m, leaning against a vertical
wall. AD makes an acute angle @ with the horizontal ground.

E is a point on the vertical wall such that EB is parallel to the ground and F is a point on the
ground such that AF is perpendicular to FD.
The point B is & m vertically above the ground.
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(a) Show that A=5sinf+2cosb. [2]

(b) Express & in the form Rsin(@+a), where R>0, and 0°<a <90°. [3]
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(c) Find the greatest possible value of 4 and the value of @ at which it occurs. [2]

(d) Find the value of @ for which 42 =15 m. [2]
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12 (a) By using long division, divide 4%° +5x° +x-1by x*(x+1). 1]
3 2,
(b) Hence, express dr +3x +x-1 L, partial fractions. [5]

x*(x+1)
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3 2,
(©) Hence, find j4x ti":l;‘ Lix. 3]
XX
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13 The diagram shows part of the curve y =v2x+5 . 4 is a point on the curve and the
x-coordinate of 4 is 2. The normal to the curve at 4 meets the x-axis at B.

=2x+5

(a) Find the equation of the normal to the curve at A. [5]
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(b) Find the area of the shaded region bounded by the normal 4B, the curve, the x-axis and
the y-axis. [5]
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

_ —b+b* —4ac

X
2a

Binomial expansion

(a+b)"=a" + (rll] b+ [;Ja"'zbz 4.+ [n)a""b’ +.+b",
r

! - -
where n is a positive integer and m__m__n(D.nort D
r) (n—-nr! r!

2. TRIGONOMETRY

Identities
sin® 4+cos’ 4=1
sec’ A=1+tan’ 4
cosec’A=1+cot’ 4
sin(4 + B) =sin Acos Bt cos 4sin B
cos(A+ B) =cos Acos B¥sin Asin B

tan(A+ B) = tan A+tan B
h 1F¥tan Atan B

sin24=2sin Acos A

cos2A=cos? A—sin® A=2cos* A-1=1-2sin’ 4

1-tan” 4
Formulae for AABC
a b c

sin 4 - sin B - sinC
a* =b*+c*—2bccos 4

A=~1—bcsinA
2
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. Find the x-coordinates of the points at which the

. . 5
1 The equation of a curve is y = 3 _xz "

gradient of the curve is 7.5. [4]
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2 The temperature of water in a tea cup, T °C, ¢ minutes after boiling water is poured into the

empty cup can be modelled by the formula 7' =25 + 75 e M

White chcn
Herbal

70 80 °C 8() °C 90-95°C 100 °C

The diagram above shows the ideal brewing temperatures for various teas at a particular

teahouse. At this teahouse, green tea leaves are placed into the tea cup for brewing at the 1deal
temperature when 1 =6.

Determine whether the teahouse’s standards for brewing tea would be adhered to if black tea

leaves are placed into the teacup when # =2. [4]
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3 It is given that f'(x) = 6cos3x —12sin3x and f<—g) =0.
(a) Find f(x). [4]

(b) Find the exact value of f "(%). [2]




(a)

The time taken, ¢ in minutes, to download a particular gaming software is related to internet

speed, x Mbps. The variables x and 7 are related by the formula 1 =

are positive constants. The data below shows some measured values of x and ¢.

6

a

b+ x

, whereaand b

x (Mbps)

50

100

200

500

1000

t (minutes)

23

13

7.3

3.2

1.6

1 T
(i) Plot 7 against x and draw a straight line graph.

~ | —

—
»

0.7

0.4

03

0.2

0.1

200

400

600

800

> X
1000
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(i)  Use the graph to estimate the value of a and of b, correct to 2 significant figures. [4]

(iif) Use the graph to estimate the time taken for John to download the gaming software if
the speed of his internet is 240 Mbps. [2]

(iv) Suggest an alternative set of variables to be plotted on each axis to draw a straight

line to represent the formula. [1]
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(b)  The diagram shows part of a straight line graph drawn to represent the equation y = px?.

Given that the line passes through the point (2.5, 8.1) and has a gradient of 3, find the

value of p correct to the nearest integer. [3]

lgya

2.5,8.1)

— lgx

BP-512
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5 (a) Find the range of values of the constant & for which k(x2 + x) + Z(x2 +x+ 1) =0 has

no real roots. [4]

(b) Hence, explain why - (x2 + x) + 2(x2 + x4+ 1) is always positive. [2]
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(a) By using a suitable substitution, or otherwise, solve the equation

3logex =log, 3 +log,2 +1logs25.

(b) Sketch the graph of y =logex on the given axes. Label any axial intercepts.

y
A

BP-~514

[4]

(1]
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(¢) (1) Itis given that the equation of a curve is y =e?* 14 2e¥ 1 — 3¢

Explain why the curve has no stationary point. (3]

(i) Find the x-intercept of the curve y = e?* t1 4+ 2e**+! — 3¢ [3]
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7  (a) Factorise x> —125. [1]

(b) The expression —9x3 + 7x2 + ax + b, where a and b are integers, has a factor of x — 5 and

a remainder of —11 when divided by 2x + 1. Find the value of a and of . (4]
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¢) Hence, or otherwise, show that the equation x> — 125 = - 2x3 + 7x% + ax + b has only
q

one real root. [4]
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The equation of a curve is y = e tan x.
d i,
(a) Show that H% =e2*(1—tan x)2. 3]

(b) Find, in terms of w, the x-coordinate of the stationary point for 0 <x < % . [2]
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(¢) Explain why y is never decreasing. [2]

(d) What does your answer to part (c) imply about the stationary point found in part (b)?

Explain your answer. [2]
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9 (a) State

(i) the principal value of sin~! (— —2~) , [1]

1

(i) the values between which the principal value of tan™" x must lie, [1]

(iii) the range of values of k for which the equation 4 sin?x = k has a solution. [1]
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14 cos2x

. . . _ 2 —
(b) (i) Prove the identity cotx — cotxtan”x + tanx prec e [4]

(i) Hence solve the equation cotx — cotxtan?x + tanx = cosec2x — 3 for 0° < x < 180°.

[5]
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10 (a) Points P(-2,0), O(5, 1), R(6, - 6) and S(-1, ~7) lie on a circle.
PQ and SR are parallel chords of the same length.
Show that the centre of the circle is at (2, — 3). [2]

(b) Find the equation of the circle. 3]
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(¢) A second circle has centre C. It is given that the y-axis is the perpendicular bisector of CR
and is also a tangent to the second circle.

(i) State the coordinates of C. 1]

(ii) Hence explain why the x-axis is a tangent to the second circle. [2]
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11 A particle moves from point P towards point O. The speed of the particle, ¢ seconds after

passing point P, can be modelled by the formula v = (k —2t)", where k and n are constants.

(a) Find an expression for the acceleration of the particle in terms of k, ¢ and n. (1

The particle has a speed of 27 m/s when £ = 3.5 and comes to instantaneous rest 4.8 metres to the

right of point O when ¢ = 8.
(b)  Find the value of k and of . [3]

BP-524



BP~525

21

(¢)  Using the values of & and n found in part (b), find the total distance travelled by the
particle in the first 8 seconds. [4]

(d)  Explain whether the given model can continue to describe the motion of the particle after

8 seconds. [1]

END OF PAPER
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